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for the Degree of 
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SY NOPSI S 

Geometrical design constitutes the first and 
foremost portion of the design specification of any 
object. A major class of objects to be designed are 
different t-ypes of surfaces. In some methods of fabri- 
cation of surfaces from sheet metal, it is necessary to 
find the development of the surface. Surfaces can be 
classified as (i) developable surfaces and (ii) non- 
developable surfaces. Single-curved ruled surfaces are 
developable. Warped ruled surfaces, doubled -curved sur- 
faces and free-form surfaces are non-developable. 
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Mapping of one surface onix) another observing 
certain conditions of mapping is an area of study in 
differential geometry. If a surface is mapped onto 
a planar surface isometrically on one-to-one basis 
such that the mapping is isogonal as well as iso areal 
then the mapping 2^ is the development of the surface 
2^. Using this condition and the fact tliat the geodesic 
cuirvature of a curve lying on the surface 2^ is equal to 
the planar curvature of the development image of this 
curve in surface t it is shoxm in the present xvorh 
that suitable computational algorithms for obtaining 
the development of the curved surface can be formulated. 

Detailed mathanatical models and computational 
algorithms have been pixposed for the development of the 
following types of surfaces. 

(i) Helical convolutes-cylindrical as well as coni- 
cal, 

(ii) Conical convolutes, 

(iii) Ducts-planar as well as spatial and 

(iv) Thick surf aces-single surfaces as well as 
multiple surfaces in series. 

Chapter 1 of the thesis reviews the existing 
graphical methods f^r developing surfaces. It also 
contains a section on classification of surfaces into 
ruled, double- curved and free— form surfaces. For each 
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categoiry, several illustrative examples have been cited 
and mathematical representation in parametric form for 
each of these surfaces has also been given. 

In Chapter 2 it has been shown that a develop- 
able surface can be defined as an envelope of a family 
of one-parameter planar surfaces. The conditions of 
mapping a curved developable surface isometrically onto 
a planar* surface have been discussed. The geodesic 
curvature of a spatial curve and the Serret-Prenet equa- 
tions are used in the process of mapping. Finally sepa- 
rate algorithms are given in a general manner for the 
development of (a) ruled surfaces with single directrix 
and (b) ruled surfaces with two directrices. 

A major class of single curved ruled surfaces 
is the conical convolute surfaces. Suitable mathematical 
expressions to develope such ducting surfaces are given 
in Qiapter 3. A general form of conical convolute, called 
super-conical convolute, has been defined. Development 
of conical convolutes connecting end section's of the 
following shape are presented as case studies^ (a) circle- 
circle, (b) circle-ellipse, (c) ellipse-ellipse and 
(d) super-ellipse-super-ellipse. 

The development of helical convolutes-cylindrical 
as well as conical - is presented in Chapter 4. The base 
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of the helix can be either a circle or an ellipse. A 
close-form solution is given for the development of the 
cylindrical helical convolute of circular base. Three 
examples of development of helical convolutes are given 
at the end of this chapter. 

In Chapter 5/ the development of thin ducts is 
considered. Thin ducts are approximated as a set of 
super conical convolutes in series, whose shape, size 
and spatial configuration can be controlled by the para- 
meter of the centreline of the duct. Necessary equations 
and a suitable algorithm for the development of a thin 
duct are given. Development of (a) a planar duct of 
variable circular cross section and (b) a spatial duct 
of cross section varying in size and shape (from circle 
to a super-ellipse) are presented as examples. 

Development of uniformly thick surfaces is 
given in Chapter 6. The thick surface is modeled to be 
a set of thin surfaces. A mean surface is defined. If 
the mean surface is a developable one, the other surfaces 
in the set are sho^-m to be developable. Suitable mathe- 
matical model is given for the development of these 
individual surfaces and then for getting the development 
of -the thick surface. Single thick surface as well as 
multiple thick surfaces in series are considered and 
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suitable algorithms for tlieir development are given. 
Finally an example is given for the development of a 
thick surface. 

Chapter 7 summarizes the results given in the 
present work. Suggestions for further x*7ork have also 
been indicated in this chapter. 



Chapter 1 


INTRODUCTION 

!• 1 Introduction 

Engineering design is a methodology that incor— 

P rates iterative procedures of analysis and synthesis 
for components as well as systems [l]. Design specif i- 
ions of an object generally consist of geometrical 
parameters# material properties and manufacturing details, 
has been observed that geometrical design constitutes 
e first and foremost portion of design specifications 
for any object. Consequently a large number of litera- 
ture/information is available for geometrical design 
using manual drafting procedures [ 2 - 8 ]. 

Though the manual drafting procedures have 
helped designers over the past several years# these 
techniques have certain drawbacks. The procedures are 
time consuming, if the geometry of an object to be 
igned is in the form ^f complicated shapes# then 
defining the geometry as well as displaying it is extre- 
mely difficult. The manual drafting procedures are 
also dependent on the accuracy of drafting instruments 
and the skill of the draftsman. 
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Considerable advances have been made in the 
past two decades in the area of computer-controlled 
drafting and computational aids [9-13].. These aids are 
in the form of graphics terminals and plotters, digi- 
tizers, time-shared interactive computers and a set of 
input devices. With such accessories a designer is now 
able to mathematically model the geometry of an object, 
represent it in computers and after suitable manipula- 
tions display it effectively on graphics devices. The 
advances made in the use of computers in geometric design 
have given rise to the field of Computer Aided Geometric 
Design [ 1, 14-16], 

One of the major class of objects to be designed 
are different types of surfaces to be fabricated out of 
sheet metal. To fabricate these surfaces the sheet metal 
is to be cut to the required shape and size and then it 
should be folded and bent along specified lines or fomed 
so as to get the required surface. This requires that 
the surface be unfolded and laid out into a plane first. 
This process is called the development of a surface. 

In the following section, different types of 
surfaces are discussed. These can be classified as 
(i) developable surfaces and (ii) non-developable surfaces. 
Developable surfaces are surfaces which can be fabricated 
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from a sheet metal without causing any appreciable plastic 
deformation during manufacture. Plane and single curved 
ruled surfaces belong to this category. These surfaces 
can be developed exactly. , Warped ruled surfaces, double - 
curved surfaces and free-form surfaces are non- develop able 
surfaces and are fabricated from sheet metal by forming 
processes which introduce appreciable plastic defoma- 
tions. In this case the development of a surface can be 
found out only approximately. Plastic deformations 
induced during manufacturing process are also required 
to be taken into account while obtaining the shape and 
size of the blank. 

i»2 Mathematical Definition of Surfaces 

Three dimensional surfaces can broadly be classi- 
fied as 

(i) ruled surfaces, 

(ii) double-curved surfaces and 

(iii) free-form or sculptured surfaces. 

A detailed classification of different types of surfaces 
belonging to the above mentioned categories are available 
in books on Geometiry, Differential Geometiry and Computa- 
tional Geometry [2-3, 12, 13, 17-24], In the following 
sections parametric representation of some of these 
surfaces are given. 
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1.2.1 Ruled Surfaces 

■^Aihen a straight line# called the generatrix, 
moves in space x^rhile being in contact with one or more 
straight or curved lines# called the directrices so as 
to form a surface then a ruled surface is obtained. Some 
times the generatrix moves such that not only it is in 
contact with the directrix/directrices but also remain 
parallel to a plane called director. Ruled surfaces can 
further be classified ass 

(i) single-curved surface and 
(ii) warped surfaces. 

Single-curved ruled surfaces have cuirvature in one 
direction only. They are developable. Wajrped surfaces 
are not developable as adjacent positions of the gene- 
ratrix are not in a plane. 

The following nomenclature is used in the 
representation of surfaces. 

directrices 

parameters of directrices 
directional vector of a straight 
line directrix 
normal to a director 
unit tangent to the directrices 
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, , " T tV'- 

- unit principal normal to the directrices 
^2 ‘ —2 bi-normal to the directrices 

' g - directional vector of the straight line 

generatrix 

V parameter along the generatrix 

u , V - parameters of the surface 

'Unless othervrise specified the range for u, w, q and v 
are u^ < u O u^ # < w ^ W 2 / — *^2 1. 1 

V'Jherever the parameters w and q appear, they are shown 
to be functions of u through the given conditions. 

I . Planar Surface 

The parametric representation is 

n . t = 5 (1.1) 

where n is the normal to the plane.. 

II . Single-curved Surfaces 
(a) cylinders 

The parametric representation is 
■ r (u , v) = r^ (u) + V g (1.2) 

0 £ V < h 

If r^ (u) is a planar curve and g x b^ =0 then it is 
a right cylinder. If g x b^ 0, then it is an oblique 
cylinder. 
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(b) Cones 


Cones are represented parametrically by 


r (u /. v) = (1 - v) r. (u) + v r 


(V) 


(1.3) 


where is the position vector of the vertex of the 

cone. If r^ (u) is a planar curve and if ( r^^^ - 

( V ) ( c ) 

X b^sOif is a right cone. If ( r - r ) x b^ 0, 

(C) 

then it is an oblique cone. Here r is the position 
vector of the centre of the base of the cone. 

( c) Co nvo lutes 

The parametric representation is 
r (u , v) = (l“ v)rj(u)+v £2 (w) (1.4) 

where r^ (u) and £2 (w) are open curves. The condition 
to be satisfied is 


<3r2 (w) 


du 


X 


dw 


. (r 2 (w) - r^ (u)) =0 (1.5) 


For conical convolutes r^ (u) and £2 (w) are closed 


curves. Helical convolutes are defined by 
r (u , v) = r^ (u) + vt^ (u) 


( 1 . 6 ) 


where r^ (u) is a helix ; - < v ^ 


III . Warped Surfaces 


Warped surfaces are of two groups, namely 
(a) single-ruled surfaces and (b) double-ruled surfaces. 
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(a) Single-ruled Surfaces 

The parametric representation is 
r (u , v) = (l - v) r^ (u) + v £2 (w) (1.7) 

subject to the condition 

( £2 (w) - r^ (u)) , n^ = 0 • (1.3) 

If r^ (u) and £2 (w) are curves then it is a cylindroid. 
In the case of cow's horn, the above given condition 
(Eqn. ( 1 , 3 )) is not applicable since no director is 
involved in the generation of the surface. The condi- 
tions applicable for cow's horn are 

{ £2 (w) - r^ (u)i x{ r^ (q) - r^ (u)j = 0 
and i r^ (u) - r^ (q)i x{ £2 (w) - r^ (q)i = 0 

(1.9) 

where r^ (q) is the position vector of the point on the 
straight line directrix where the generatrix intersects 
the straight line directrix. From Bqns. (1.9), the para- 
meters V7 and q are given as functions of u. 

If r^ (u) is a curve and ^2 (w) is a straight 
lino conoids are obtained. Let the direction vector of 
r, (w) be d. Then if d x n^ =0, it is a right conoid ; 
other\''7ise it is an oblique conoid. 

The parametric equation and conditions for 
warped cone are the same as that for the cow's horn. 
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If (u)is a helix and £2 (w) is a straight line 
directrix then helicoidal forms of single-ruled warped 
surfaces are obtained. If r^ (u) is a cylindrical helix 
and if d X n^ = O, then it is a right cylindrical heli- 
coid. If r^ (u) is a cylindrical helix and if the direc- 
tor is a cone whose normal is given by n^ (u) such that 
d . n^ (u) = constant, then it is an oblique cylindrical 
helicoid. If r^ (u) is a conical helix instead of cylin- 
drical helix then a right conical helicoid is obtained 
if d X n^ = O ; if d . n^ (u) = constant an oblique coni- 
cal helicoid is obtained, 

( 15 ) Double-ruled Surfaces 

(i) Circular form : Hyperboloid of revolution. 

If the axis of the hyperboloid is taken as the 
z axis, the parametric equation of the surface is given 
by 

jllajj cos (u + 0) 

i ijaji sin (u +0) (l.lO) 

|{r^^^ + v£) . d 

where 

a = { r*"^^ + vgj - { (r^^^ + vg). did 

cos 0 = ~ 
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where d is the direction vector of the axis and x is the 
unit vector along the x axis. The vectors r*"^^ and g 
are the position vector of the end point on the genera- 
trix corresponding to v = 0 and the direction vector of 
the generatrix, when the generatrix is at its initial 
position. 

(ii) Elliptical form : Elliptical hyperboloid. 

The parametric equation and conditions are the 
same as Eqns. (1.7) and (1.9), Here r^^ (u), (w) and 

r^ (q) define the three elliptical directrices. 

(iii) Parabolic form : Parabolic hyperboloid 

The parametric equation and conditions are the 
same as Eqns, (1.7) and (1,8). Here r^ (u) and (w) 
define the two straight line directrices. 

1.2,2 Double- curved Surfaces 

If a constant or variable generating curve is 
moved along another curve then a double-curved surface 
is obtained. Double-curved surfaces are classified as 
(i) surfaces of revolution and (ii) surfaces of general 
form. 

I, Surfaces of revolution are obtained when a generat- 
ing curve revolves about an axis (a straight line). If 
the generating curve and the axis are co-planar then the 
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surface generated conforms to the curve of the generatrix. 
If the axis of the surface coincides with the z axis and if 
a generic point on the generatrix, when it is stationary, 
is given by r^ (v), then corresponding generic point on 
the surface is given by 


li r 

(v) 

I! — c 


il r- 

(v) 

11 -c 


£c 

(v) 


(r^ (v) . d) d i{ cos (u + 0) 

• d) d [j sin (u + 0) 
d 

. . ( 1 . 11 ) 


where 

• d) di , X 

cos 0 - |j r^ (v) - (r^ (v) . d) d jj 
0 < u < 231 

X is the unit vector along the x axis. If the generatrix 
and axis are coplanar then 0 is zexx> (Then X - Z plane is 
assumed to be the plane of the generatrix when it is 
stationary). By substituting appropriate equations for 
(vi surf aces like sphere, prolate ellipsoid, oblate 
ellipsoid, paraboloid, hyperboloid, annular toi~us and 
any surface of general fortn created by the process of revo 
lution can be represented. 


11* SurfacBs of general form are obtained when the 




gene , Ing curve moves along a general curved path. 





Fig.I.I SURFACES 
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1.2.3 Surfaces of General Form 

These are free-form or sculptured surfaces. 

These surfaces are represented by several techniques of 
computational geometry, Ferguson's cubic surface patch, 
Bdzier's Unisurf surface patches/ Coons' patches and 
many other types of surface patches can be used to define 
surface of general form [ 12/13], 

1.3 Methods of Development 

Depending upon the surface to be developed 
different methods of development are used. Parallel 
line method , radial line method and triangulation are 
essentially the three methods used. Parallel line method 
is used to develope surfaces of cylinders and prisms 
wherein the rulings are all parallel to each other. If 
the rulings form a set of interesting lines as in the 
case of cones and pyramids, then the radial line method 
is used. Triangulation method is used for piecewise 
development of the surface and any single curved ruled 
surface can be developed by this method. The surface 
is approximated to a set of triangular planes in contact 
with each other along the edges. This method is used 
for finding out the approximate development of non- 
developable surfaces also. 
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Graphical methods for developing su3rf3.ces by 
the above methods are described in literature on des- 
criptive geometry and engineering graphics [2-3, 2 5]. 
However, these manual methods are time consuming and are 
subject to drafting inaccuracies- To reduce, the time 
consumed in the development of surfaces and to remove 
the inaccuracies and dimensional instability associated 
with manual drafting procedures, the development process 
can be automated. Suitable math.ematical modelling for 
the development process needs to be developed. 

Curves and surfaces have been studied in greater 
detail and the results are available in literature on 
analytical geometry and differential geometry. In diffe- 
rential geometry the local pioperties of curves and 
surfaces are studied. An area of study in differential 
geometry is the mapping of one surface onto another 
surface on a one-to-one correspondence. Different types 
of mappings such as isometric mapping, isogonal mapping 
and isoareal mapping had been studied in greater detail 
and conditions for such mappings had been found by Gauss, 
Lame, Bonnet, Minding and others [is]. Properties of 
surfaces and curves associated with the mapping processes 
had been discussed in detail by Struik [is]. Conditions 
of developability are mentioned in brief liy Struik [is]. 
Faux and Pratt [l2]. 
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In literatxires on analytical geometry as well 
as differential geometry only classical surfaces have 
been studied. Pree-form surfaces have been studied in 
literature on computational geometry. The studies about 
the development of free-form surfaces are not available 
in literature. 

A mathematical approach to obtain the develop- 
ment of a curved surface is briefly indicated by Faux and 
Pratt [12]. This approach utilizes the fact that the 
curvature of the projection of a curve, lying on a sur- 
face, onto the tangent plane of the surface (known as 
Geodesic curvature) and the cuirvature of the image curve 
on the development of the surface are equal. 

A class of mappings based on an isometric tree 
has been investigated by Manning [ 26 ] and an optimal 
mapping has been defined for mapping a curved surface 
onto a plane, with special reference to shoe manufacture. 
Here also the property of the geodesic curvature is used. 

Mathematical modelling and algorithm for 'fche 
development of transition sections is given by Dhande 
and Ramulu [27]. 

An important aspect of the development process 
is to take into account the thickness of the surface. 
Classical development procedures described in literature 
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on descriptive geometry and graphic science consider 
only thin surfaces. The thickness of the surface is 
assumed to be negligible. If the surface is thick, this 
fact is taken care of by giving some suitable allowance. 
The inner surface of the thick surface is developed by 
usual methods and the development of the outer surface 
is obtained by adding some allowance which is determined 
based on the properties of the material used and the 
manufacturing process employed to obtain the surface. 

Thus the development obtained is an approximate one • 
Studies in the literature on differential geometry and 
computational geometry also discuss the development of 
only thin surfaces. 

Fournier and Wesley have described a geometric 
algorithm for performing bending operations on polyhedral 
objects [23]. At the end of the paper they have dis- 
cussed the need for a mathematical modelling of the 
development of thick surfaces, 

l-'i Objectives and Scope of the Present Work 

If a surface is i sometri cal ly mapped onto 
a planar surface such that the mapping is also isogo- 
nal as well as isoareal, then the surface is called 
the development of the surface Computer aided 

development of certain classes of ruled surfaces are 
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considered here. Tlie present study aims at building up 
relevant mathematical models and suitable algorithms for 
the development of the following types of surfaces. 

(i) Helical convo lutes -cylindrical as well as 
conical. 

Conical convolutes. 


(ii ) 
(iii) 
(iv) 


Ducts-planar as well as spatial and 
Thick surf aces-single surface as well as 
multiple surfaces in series. 



Chapter 2 


MATHEMATICAL ASPECTS ABOUT DEVELOPMENT OF SURFACES 


2 . 1 Analytic Representation of a Surface 


A surface (refer to Figure 2,1a) can be con- 
sidered to be a set of points in three-dimensional space 
which is in a one-to-one correspondence with a set of 
points in a closed rectangle of a plane (refer to Figure 
2,1b), The coordinate axes of the rectangular plane are 
the parameters of the surface Hence the surface 

is considered to be a bi -parametric surface and a point 
on it with respect to a coordinate system O-XYZ is given 
by 


where 


r = r (u, v) 


u^ ^ u ^ U 2 

Vl < V < V2 


r (u, v) = 


X (u^ v) 
y (u, v) 
z (u, v) 


(2. 1) 


The bi -parametric surface 2 is generally repre- 
sented by two families of curves. If the parameter u is 
kept constant and the other parameter v is varied between 
v^ and V 2 /then a curve having the value of u constant along 




u - curves 


V -curves 


Fig. 2. la Schematic diagram of a 
bi-parametric surface. 


Fig. 2. lb The v-u parameter plane 
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its length is obtained. A series of such curves called 
” u-curves" form one family of curves representing the 
surface. The other family of curves consists of a series 
of “ v~curves" along each one of which the parameter v is 
kept at some constant value and the other parameter u is 
varied between u^ and U 2 . At any point P (u, v) on the 
surface, a pair of one "u-curve"' and one ^V-curve" pass 
through it; these curves correspond to the curvilinear 
parameters u and v of the point P. The generic point 

P(u, v) on the surface is called a regular point if 

b r br 

— yi — iL 0. ( 2 . 2 ) 

b u ^v 

This implies that the " u-curve ” and the " v-curve " 
passing through the generic point should have non-zero 
slope in distinct directions (refer to Figure 2.2). 
Otherwise the point is called a singular point. In the 
present work only those surfaces having regular points 
are considered. 


At the generic point P, the tangent plane cr to 

the surface is defined by the plane containing both the 

vectors — and — - . The unit normal n to the surface 
bu 6v 

is given by 


Ml 

b£ 

bu 

X 

h V 

b £ 

br |j 

bT 

■ X — il 

b V 1! 


(2.3) 





1 



Fig. 2. 2 The tangent plane. 
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The parametric equation of the tangent plane is 


( r 


.£3=0 


(2.4) 


(Q) 


where r is the position vector of a generic point Q 

(P ) 

of the tangent plane , r is the position vector of 
the point P on the surface S. and n is the unit normal 

X "*“S 

vector at P to the surface S. . 


2.2 Developable Surfaces 


Consider a one-parameter family of planes and 
a surface which is an envelope of these planes. The 
envelope surface and a member plane of the family are 
tangent to each other along a curve called the characte- 
ristic line of the plane. This line is the limiting case 
of the line of intersection of two infinitesimally separated 
member planes of the family and, as such, it is a straight 
line. The envelope is then a surface swept by these charac- 
teristic lines which are also called rectilinear generators 
or rulings of the envelope surface. 


by 


A one-parameter family of planes is represented 


n^(u) , r = 6 (u) (2,5) 

where n^(u) is a vector normal to the plane which corres- 
ponds to the value of u of the parameter. If the func- 
tions n (u) and 6 (u) are of class C„ and n , (fi x ^ )/0 
then the envelope of this family of planes is either a 
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surface swept by the tangents to some twisted curve in 
space or a conical surface. If n . (n x ri ) =0 and the 
family of planes represented by Eqn, (2.5) does not consist 
of parallel planes^ then the envelope is a cylindrical 
surface i.e., a surface with all its rulings parallel to 
each other [ 17 ], 

In other words, the family of tangent planes of 
the above mentioned surfaces, such as convolutes, cones 
and cylinders, is a single-parameter family of planes. 

Every tangent plane is in contact with the surface along 
a straight line called the characteristic line of the 
family of planes. This indicates that the tangent plane 
at all points along a particular generator coincide. Hence 
such a surface is developable. It can be developed on the 
tangent plane. 

In short, surfaces which are one~parameter family 
of planes are called developable surfaces. These surfaces 
can be mapped isometrically onto a plane. It should be 
noted that all developable surfaces are ruled surfaces but 
all aruled surfaces are not developable. 

2*3 Ruled Surface, Class-I 

Consider a cuirve C as shown in Figure 2.3. The 
position vector of a generic point on the curve is 
given by r^Cu) where u is the parameter of the curve. 
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Let £(u) be a unit vector at point If £(u) defines 

the direction of a generator of a ruled surface/ then the 
generic point of that ruled surface is given by 

r(u/ v) = r^(u) + V g(u) (2.6) 

where 

< U < U2 , Vj < V < V2 • 

This is a bi -parametric surface ; u and v are the para- 
meters . 

2.3.1 Condition for Developability 

It is observed in section 2,2 that the tangent 
planes at all points along a rectilinear generator of a 
developable surface coincide. Hence the surface normal 
at all points along a generator is the same. The surface 
normal for the ruled surface defined by Eqn. (2,6) is 
given by 

Ng = r^(u) X g (u) + v { g (u) x g (u)i (2,7) 

and 

" llSf 

For the surface normal to be the same at all points along 
the generator, the righthand side of Eqn. (2,7) should be 
independent of v ; i.e. the vectors i;j^(^) x £ (u) and 
g (u) X g (u) should be along the same direction. Hence 

i X g (u) i X { g (u) x g_(u) \ =0 


( 2 . 8 ) 



0 


But g (u) is a unit vector and 

g • £ = 1 ; a. • £ = 

So Eqn, (2.8) reduces to 

g(u) , { ^ i =0 (2.9) 

Eqn. (2,9) is the condition for developability, 

2.3.2 A Case Study 


Two angular parameters are required to define 
the vector g(u) at any point along the curve C (refer 
to Figure 2,4), Since only one scalar equation, Eqn. (2.9), 
has been obtained it is necessary to specify one of the 
two unknown angular parameters and obtain the other using 
Eqn, (2,9), The case study presented here illustrates 
this point. 


Let the vector g(u) be defined by 


g(u) 


cos 3 cos oc 
cos /3 sin a 


( 2 . 10 ) 


j sin P 

where a and P are angular parameters and are functions 
of u (refer to Figure 2,4). 


The condition for developability reduces to 


du 


sin P cos P (cos <x + sin a r^y) -- cos^P 


sin a r^^ - cos a r^^ 


du 

( 2 . 11 ) 


where and r^^ are the components of r^ . 
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Given a scalar function a(u), ~ is a function 

du 

of u. If the initial value of 3 is known, then a closed- 
form analytical solution can be obtained for 3(u), In 
general this may not be possible and then a suitable 
numerical technicnie, such as the fourth-order Runge-Kutta 
scheme, can be used to evaluate the value of 3 at required 
points along the curve C. 


Consider, for example, a curve defined by 


'(u) 


2/n 

a cos u 

, • 2/n 

b sin u 


( 2 . 12 ) 


0 


J 


where n > 2 and < u ^ . Also consider the angle 

a to be defined by 

a = u - n. (2.13) 

Then the Bqn, (2,11), the condition for developability, 
reduces to 

sin 3 cos 3 sin u cos u { a sin^ u - b cos^ 


du 


a sin^^”^/^^ u + b cos ^ u 


(2.14) 


If 3 = 3q at u = Up, then integration of the above equation 


0 


yields 


tan 3 = 


tan 0^ [a sin‘3-Vn) ^ ^ ^]l/(3-2/n) 

[a sin‘3-2/"> ^ coa‘3-2/") n^]Vl3-2/n) 


(2.15) 


Consider two particular cases of the curve 
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Case (i) : n = 2, a = b . 

Eqns, (2.14) and (2,15) reduce to 

~ = 0 ; 0 = constant. 

The surface considered is a right circular cone. 

Case (ii) s n = 2 , a b , 

Bgns. (2,14) and (2,15) reduce to 

di3 _ (a-^b) sin 3 cos ^ sin u cos u 

du ~ .2 , , 2 

a sin u + b cos u 


and 

tan 3_ 2 2 

tan 3 = g ^ j- (a sin u + b cos u) 

(a sin^ Uq + b cos t^)^ 

For obtaining the values of $ using Eqn, (2,11) 
and given initial condition, a general purpose computer 
programme has been developed. For the values of n = 2, 
a = 1.0, b = 0.6, ^ at Uq=^^, the results obtained 

using this programme are shown in Figure 2,5, 

In conclusion one can observe that a developable 
ruled surface can be designed v/ith a given curve as its 
directrix and a straight line as its generatrix by suit- 
ably orienting the generatrix as it moves along the direc- 
trix, 

2.4 Ruled Surface, Class-II 

Consider a iruled surface obtained from straight 
line rulings having a curve C^ as the primary directrix 







Fig. 2.5 Variation of 



and another curve C 2 as the secondary directrix, A generic 
point on is defined by r^(u)# < "^2 ^ 

generic point P 2 on is defined by r 2 (u'), u^ £ u' £ u^. 
If Pj P 2 is the straight line ruling of the ruled surface/ 
it is required to find the condition for developability 
of such a surface (refer to Figure 2.6) whose equation is 
as follows. 

r{u/ u'/ v) = (1 - v) rj^(u) +v r 2 (uM (2.16) 

2.4.1 Condition for Developability 

If the surface is developable then the tangent 
planes at all points along P^^ P 2 should coincide. At P^ / 
the tangent plane passes through Pj ^2 tangent to 

at Pj^. The normal to this tangent plane is given by 

“1 ~ du ^ t -2 ^ 

Similarly/ at P 2 / the tangent plane passes through ^2 
and the tangent to C 2 at P 2 . The normal to this tangent 
• plane is given by 

(u^ ) 

—2 “ — ^vP ^ ^ ■■ ^ - 

In order to have the ruled surface to be developable/ 
it is necessary to have these two tangent planes coincide. 
Hence and N 2 should be parallel. So 

X N 2 = 0. 

After substitution and simplification/ this condition can 
be stated as 
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i r2(u') 


r^(u) i 


dr-(u) dr,(uM 

J- X — ~ — - = O 


du "" du' 

Equation (2.17) is the cxindition for developability of 
ruled surface, class-II. 


(2.17) 


2.4.2 Defining a Ruled Surface, Class-II 

Equation (2.17) is a scalar equation in two varia- 
bles u and u' , By fixing a value of one of the variables 
(say u, i.e, point on curve C^), the corresponding 
value of the other variable (u^ , i.e. point P 2 on curve 
C 2 ) can be fixed. The line joining these two points is 
the generatrix of the ruled developable surface. For 
solving Eqn. (2,17), a n-umerical procedure such as the 
Bisection Method can be used [29,30], 

Case studies of ruled surfaces, class-II are 
presented in Chapter 3. 


2’, 5 Mapping 

One surface 2^ is said to be mapped upon another 
surface S 2 if there is a one-to-one correspondence between 
their points. Then all points of the two families of 
curves - u curves and v curves - of surface will be 
mapped to their corresponding image points on the surface 
E 2 on a one-to-one correspondence resulting in two families 
of image curves-image u curves and image v curves. 



33 


2.5.1 Condition of Mappinqr 

There are three types of mappings.. These are 
(i) isometric mapping, (ii) isogonal mapping and 
(iii) isoareal mapping. In isometric mapping, the length 
of an infinitesimal arc on one surface and the length of 
the corresponding infinitesimal image arc on the other 
surface are equal. If the angle between two infinitesimal 
arcs though a point on one surface and tlie angle between 
the two infinitesimal image arcs through the corresponding 
image point on the other surface are equal then the mapp- 
ing is called isogonal. In isogonal mapping, the length 
of an infinitesimal arc and of its image are proportional. 
In isoareal mapping, the area is preserved. The area of 
an infinitesimal region and of its image are equal. 

If the mapping is isometric, it is also isogonal 
as well as isoareal [ 17 ], Some of the invariants in the 
case of isometric mapping are the First Fundamental form, 
the Second Fundamental form, the Gaussian curvature and 
the Geodesic curvature apart from the length of an arc, 
the angle between two arcs at a point and the area, 

2.5.2 Geodesic Curvature 

The curvature of a curve C at a point P on it 
is given by 

K = k n^ (2.18) 

where n is the principal normal to C at P, 
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If the curve C lies on a surface S , this curva- 
ture vector can be decomposed into two components - one 
normal to the surface and the other tangential to the 
surface. The normal component is the normal curvature 
— n tangential component is the geodesic curvature 

K (refer to Figure 2.7). This component is taken along 

— ..y 

the direction of a unit vector i^ in the tangent plane to 
the surface such that the tangent vector to the curve and 
this unit vector are at right angles and in the sense 
of X and Y in a right handed co-ordinate system. 


If b is the binormal vector to C at P and r_ is 

— — c 

the radius vector of P as a point on the curve C then 


k b = 


— c — c 

. ^ 

^c 


(2.19) 


d r. 


where 


= £c £c = dt“^ 


£c = 




dt" 


s = 




The angle between the vectors b and n (unit noimaal to the 

MM MMg 

surface) is the same as that between the vector n and i^, 

— c —I 

Hence the magnitude of the geodesic cu]rvature k^ is given 
by 



( 2 . 20 ) 


Geodesic curvature is a bending invariant. In 
an isometric mapping, the geodesic curvature value is 
preserved. The geodesic curvature of an arc on a surface 




Fig. 2.7 Geodesic curvature. 


36 


and that of its isometrically mapped image arc on 
surface II 2 are equal. If the surface is a planar 
surface then the image arc is a planar curve and its 
geodesic cujtrature is nothing but its planar curvature. 

2.6 Algorithm for Development of Surfaces 

The isometric mapping of a ruled surface 2^ onto 
a planar surface S 2 lying along the plane tangent to the 
straight line generator of the surface 2^ is called the 
development of the surface 2^. The length of an infinite- 
simal arC/ the angle between two infinitesimal arcs at a 
point, the area and the geodesic curvature value are all 
preserved in the development image. 

Based on the foregoing concepts of isometric 
mapping and geodesic curvature, two algorithms for deve- 
lopment of 3ruled surfaces of class-I and class-II are 
given below. 

2,6.1 Ruled Surface, Class-I 

Step 1. The surface is defined using Eqn, (2.6), The 
directrix is defined completely. 

Step 2. The length of the straight line generatrix is 
fixed. 

Step 3. The direction of the generatrix is found based 
on the condition for developability using Eqn. 
(2,9),If the direction is that of the tangent to 
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Step 4. 


Step 5. 


the directrix, the surface is called a tangent 
developable surface. 

Corresponding to the various positions of the 
generic point along the directrix, the follow- 
ing quantities are evaluated, 

(a) geodesic curvature, 

(b) length of arc from the starting point, 

(c) arc-tangent angle. This is the angle made 
by the tangent to the directrix at a generic 
point with respect to the tangent to the 
directrix at the starting point, 

(d) angle between the arc-tangent and the 
generatrix. 

The directrix is isometrically mapped. This is 
carried out by integrating Serret-Frenet equa- 
tions [ 12 ] (refer to Figure 2.8) 



+ X 


g 


(s) 


ds 


0 


( 2 . 21 ) 


ds^ 


g 


(s) 


dx 

ds 


= o 


where 


h (s) - geodesic curvature 

x,y - coordinates of the developed curve 

in an O-XY plane where 0 is the start' 
ing point of the mapped curve and the 
X-axis is along the direction of the 
tangent vector at the starting point 




Fig. 2.8 Graphsof magnitude of geodesic curvature 
vs. arc length and the x-y development . 
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s - length of arc from the starting point. 
Step 6. The generatrix is mapped. The angle between the 
arc and the generatrix as well as the length of 
the generatrix are maintained. A curve is drawn 
passing through the other end of the generatrix 
at its various positions. 

This completes the development of the surface, 

2.6.2 Ruled Surface/ Class-II 

Step 1. The surface is completely defined as in Eqn, 

(2.16). The directrices are completely defined. 
Step 2.- Corresponding to various positions of a generic 
point on the primary directrix, the position of 
the suitable point on the secondary directrix is 
found out so as to satisfy the condition for 
developability using Eqn. (2.17). 

Step 3. Corresponding to the various positions of the 

generic point on the primary directrix the follow- 
ing quantities are evaluated, 

(a) length of the generatrix 

(b) geodesic curvature 

(c) length of arc (primary directrix) from the 
starting point 

(d) arc-tangent angle for the primary directrix 

(e) angle between the arc-tangent and the gene- 
ratrix. 
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Step 4, The primary directrix is isometrically mapped by 
carrying out the integration of Serret— Frenet 
Equations (as men^::ioned in Step 5 for Ruled 
Surface, Class-I ) , 

Step 5. The generatrix is mapped with respect to the 

primary directrix isogonally. The curve passing 
through various positions of the other end of the 
generatrix gives the mapping of the secondary 
directrix. 

The development of the surface is thus obtained. 



Chapter 3 

DEVELOPMENT OF CONICAL CONVOLUTES 

A convolute is a surface generated by a moving 
plane tangent to two space curves; the surface is the locus 
of the elements of tangency [4 ]• There are two forms; 
conical and helical convo lutes. A conical convolute, a 
helical convolute and a convolute of general form are shown 
in Figure 3.1. The development of conical convolute surface 
is dealt with in this chapter and the development of helical 
convolute is treated in the next chapter. 

3.1 Conical Convolute 

Conical convolute is also commonly known as conical 
transition. It is generated by a straight line generatrix 
moving in contact with two directrices such that the gene- 
ratrix always lies on a plane tangent to the two directrices 
The adjacent elanents lie infinitely close together in a 
plane and will be intersecting [ 2 ]. 

If the directrices are planar ellipses, these can 
be represented parametrically by 
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r 


a cos 9 j 

i 

b sin G j 

i 0 < 9 < 2Tr 


(3.1) 


where r is the position vector of a generic point on the 
directrix with semi-major diameter equal to a and semi- 
minor diameter equal to b. If a = b, then the directrix is 
a circle. 


3.2 Super-Conical Convolute 


If at^east one of the directrices is a super- 
ellipse then the convolute can be called as super-conical 
convolute. The parametric representation of a super-ellipse 
is given by 


r 


I a cos 

I 

1 b sin 


2/n 

2/n 


© 

© 


0 

1 


(3.2) 


where 

a - semi-major diameter of the super-ellipse/ 
b = semi-minor diameter of the super-ellipse, 
n = power index for the stiper-ellipse (n > 0). 

For n = 2, Eqn. (3.2) represents an ordinary ellipse 
(Eqn. (3.1)). For n > 2, the fullness of the ellipse 
increases with increasing value of n. The curve 
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approximates to a rectangle when n «>[ 12 ^ bIC refer to 

Figure 3.2), For n < 2 and as n -^1/ the super-ellipse 
apparoximate to a rhombus. For n = 1 , it is a rhombus. 
Further as n decreases below 1 , the super-ellipse takes 
a shape shown by curve A in Figure 3.2. It can be seen 
that a variety of shapes can be obtained by the same para- 
metric equation (Eqn. (3.2)) by changing the value of 
index n. 

3.3 Super-Conical Convolutes Spatial Configuration 

One of the directrices of the, convolute is called 
the primary directrix and the other the secondary. Suffices 
i and j are used with the primary and the secondary direc- 
trices respectively. The spatial configuration of the 
super-conical convolute is defined by specifying with 
respect to a global co-ordinate frame 

(a) the orientation of the planes of the directrices, 

(b) the location of the centres of the super-ellipses 
and 

(c) the direction of the two axes of the super- 
ellipses. 

This has been done in two ways as described below. In 
both the cases the local co-ordinate frames for the direc- 
trices are chosen to be right-handed one with X and Y 
axes lying respectively along the major and minor diameters 
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of the sup er~ ellipses and tlie z axis lying along the normal 
to the planes of the super-ellipses (refer to Figure 3«3). 

3.3.1 Spatial Configuration-Definition (A) 

A global co-ordinate frame 0-XYZ is defined 
such that the centres 0^ and Oj of the two super-ellipses 
lie on the O-XY plane and the lines of intersection of 
the planes of the super- ellipses with the O-XY plane 
meet at 0 and are at angles a. and a . to the x axis 

3. j 

(Figure 3.4). The centres of the two super-ellipses are 
at a distance d^^ and dj respectively from the origin 0, 

The orientation of the planes of the super-ellipses and 
their axes is defined to be obtained by the method described 
here. The planes of the super-ellipses are first assumed 
to be perpendicular to the 0-XY plane, with the major 
diameters of the super-ellipses lying on the O-XY plane 
(Figure 3.4a). The planes of the super- ellipses are first 
rotated about the respective major diameters through 
angles and 3j. The curves are then ax>tated through 

angles and 7^ about the normal to their planes through 

their centres 0^ and Oj respectively. This completes the 
definition of the spatial configuration of the super- 
conical convolute. In Figure 3.4b rotation of the plane 
of primary directrix through an angle about its major 
diametre is shown. Figure 3.4c shows the rotation of the 
primary directrix through an angle 7^ about the normal to 




49 





Fig. 3. 4 Super- conical convolute. 

Spatial configuration : Definition (A) 
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its plane through 0. . 0.~X. Y. Z. is the final local 

1 X 1^ Xj X 3 

co-ordinate frame for the primary directrix. Figures 
similar to 3.4b and 3.4c can be drawn for the secondary 
directrix, 

3.3.2 Spatial Oonf iguration-DgEinition (b) 

Here the centres 0^ and 0^ of the two super- 
ellipses are chosen to be two points along a space curve 
defined in the global co-ordinate frame.. The planes of 
the super- ellipses are taken to be the normal planes of 

the space curve at points 0. and O.. First the major and 

^ J 

minor diameters of the super-ellipses are aligned along the 

normal and bi-normal to the space curve at 0. and 0., 

3- J 

Offcourse the normals to the planes of the super-ellipses 

/ 

are along the tangents to the space curve at 0^ and Oj, 

Then the super-ellipses are rotated about these normals 
through angles and Yj respectively. This gives the final 
configuration (refer to Figure 3.5). 


3.3.3 Transfomation Matrix 


Consider/ for example# the super-ellipse acting 
as the primary directrix. The position vector of a generic 
point of the super-ellipse is given by 



(3. 3) 


where 



Space curve 
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£1 


the position vector of the generic point in global 
co-ordi nates / 

the position vector of the generic point in local 
co-ordinates and 

the transformation matrix to convert values in 
local co-ordinates to those in global co-ordinates. 

In homogeneous co-ordinate system, Eqn. (3.3) is expressed 
as 


[t.] 


X . 

1 



2/n. ^ 

cos ^ 


^i 

^i 

= [t. ] 

L ^ J 

b. 

1 

sin^'^^i 

^i 


0 

1 



1 


(3.4) 


where is a 4x 4 matrix. Values of its elements 

depend upon the way the spatial configuration of the super- 
ellipse is defined. 

As per, definition (A) the transformation matrix 
[t^] is obtained as 


[t.^] 


^i 

^1,1 

t. 

^1,2 

t, 

^li-3 

t. 

^i 

2,1 

t. 

^2,2 

t. 

^2,3 

t. 

^2,4 

t. 

^3, 1 

t. 

^3,2 

t, 

^3,3 

t. 

^3,4 

t. 

^4,1 

t, 

^4,2 

t. 

^4^3 

t. 

^4,4 


(3.5) 
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where 

t. 

«- 

cosa. 

cosr . 

1,1 


1 

1 



-cosa. 

sinr. 


1 

1 

t . 


sina. 

cosjB . 

^1,3 


1 

1 

t. 


d. cosa. 

^1,4 


1 

1 

2,1 

2= 

sina^ 

cosr^ 

t. 

«— 

-sina. 

sinr. 



1 

i 

t. 


-cosa. 

cosP . 

^2,3 


1 

1 

t. 


d. sina. 

^2,4 


1 

1 

t. 


cosi6 , 

sinr. 

^3,1 


1 

1 

t . 


cosP . 

COST* 

^3,2 


1 

1 

■^i 

3,3 

= 

-sini3^ 


t. 


0 


3,4 

t. 

rr 

0 


4,1 

t. 


0 


4,2 

t • 

2= 

0 


4,3 

t. 

=r 

1 


■^4,4 


+ sina^ sinjS^ 
+ sina^ sinP^ 

- cosa. sin^ . 

1 1 

- cosa. sinjB .. 


sinr. 

1 

CO sr^ 

sinr. 

1 

cos'/. 

1 
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Similarly, definition (B) yields the transformation matrix 


[t^] = 


n b. t. r 
c. 1 1 o. 

^ ^ ^x 


n b. t. r 
c . i 1 o . 


n b. t. r 

c. 1 1 o . 

1 z z 1 
z z 


O 


0 


0 


cosy^ 


sinTf 


-sinr^ 


COSTj^ 


0 


o 


0 


0 


0 


0 


0 


0 


(3.6) 


where n^^ ~i — i unit normal, bi-normal 

and tangent vectors at 0. to the space curve ; r is the 

i 

position vector of point 0^. The subscripts x, y and z 
indicate the component of these vectors with respect to 
the global co-ordinate frame. The transformation matrix 
to be used for the secondary directrix can be obtained by 
replacing the subscript i by j in Eqns. (3.5) and (3.6). 


3.4 Development 

Given the details about the two super-ellipses 
acting as directrices and the spatial configuration of the 
super-conical convolute, the development of the super-conical 
convolute is carried out following the algorithm given in 
section 2,6. First the transformation matrices for the 
directrices are found out. Then the various quantities 
required for the development of the super-conical convolute 
are calculated. The mathematical expressions for them are 
given below. 
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3*4.1 Generic Point of a Super~Ellipse 

The parametric representation of a generic point 
of the super-ellipse treated as the primary directrix is 
given, in global co-ordinates, by 


[t, ] 


2/n. ^ 1 

ai cos X ©. I 

t 

V. • 2/n. - ! 

b. sin ' 1 ©. i 

1 1 i 


(3.7) 


where [t^^] is the transformation matrix. The tangent 
vector to the primairy directrix at the generic point is 
given by 




^ U. J 


b. cos^^’'^'^^i^© . 


1-1 


(3.8) 

where [t^*] is the 3 x 3 matrix obtained by deleting the 
last row and column of the matrix [t^]. The magnitude 
of the tangent vector is given by 


[ s { -t. 

k=l ^ 


. ( 2 - 2 /n.)_ 

.. a. sin ' 1 ©, 

k,l ^ ^ 


+ t, b. cos^ 2 . 2 /n ,)3 i 2 31/2 

^k,2 ^ ^ 


(3.9) 
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where / for example/ is the elanent of the matrix 

[t^] in the Ic row and 1 column. The unit tangent 


vector at the generic point is given by 

(2-2/n^ ) 


t. 

—i 


[T.^] 

"(Factor i). 


-a^ sin 


©, 


where 

(Factor 1) 


[ B ( -t. 


!2-2/n. ) 

b . CO s ^ © . 

1 1 

0 


(2-2/n ) 

a_, sin © . 


k=l -^k/l ^ ^ 


(3.10) 


+ t. b. COS 

^k/2 ^ 


(2—2/ n . ) 1 ^ T T 

^ e,‘ ] 


(3.11) 


The second derivative to the vector r^ is given by 


^3 


Ei = 




sln'2/ni-2)e.[T.*] 

1 11 ”^ 


n. 

1 


(2/n^ sin"^0^ - sin 

2 

(2/nj^ cos 0^ - l)b^ cos 


(2-2/n, ) 


(2-2/n, ) 


0. 

1 


0. 

1 


L 0 . 

.. (3.12) 

By substituting J for i in Eqns. (3.7) to (3.12’) 
the corresponding quantities for the super-ellipse treated 
as secondary directrix are obtained. 
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3.4.2'" Cbndi-tion for Developiabililry 

As has already been mentioned in Chapter 2 (Eqn, 
( 2 , 17 ))the conditDon for develop ability (of the super- 
convolute) is given by 

(r. - r.) • (f. X f .) = O , 

Substituting for r. / r. / r. and r. and simplifying, the 

j X J 

condition for developability reduces to 

( 2/n^ ) (2/n^. ) cos sin^^'^’^i~^^©j^ x 

cos‘'^'^’^j'’^^© . sin^^/’^j"^^© . (EXPN) 

J 3 

= 0 (3.13) 

where the expression EXPN is given by 


EXPN = 


[a^ a^ Ut^ 


1,4 


t. )(t^ t. 

^ 1,4 "" 2,1 ^ 3,1 

t. 

i 

3,1 

t . ) (t^ t . 

-' 2,4 3,1 ^ 1,1 

- t. 

^ 1,1 

t . ) (t. t, 

^ 3,4 ^ 1,1 ^ 2,1 

- t. 

^ 2,1 


t,. ) 


gin(2-2/ni)^ 


+ b. a. { (t. - t . )(t. t. - t. t . ) 

^ ^ 1,4 ^ 1,4 ^ 3,2 ^ 2,1 ^ 2,2 •^ 9,1 

+ (t. - t . ) (t. t . - t. t . ) 

2,4 ^ 2,4 1,2 ^ 3,2 ^ 3,2 ^ 1,1 


+ (t. - t, ) (t. t . - t. t . )i cos^^ 

^ 3,4 -^ 3,4 ^ 2,2 ^ 1,2 ^ 1,2 ^ 2,1 


Eqn. ( 3 . 14 ) contd 
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+ a,, a b^. { t,. ( *fc . t . - t . t . ) 

1,2 ^ 2,1 ^ 3,1 ^ 3,1 ^ 2,1 


1 J 1 1 


+ t. (t. t . - t. t . ) 

2,2 ^ 3,1 ^ 1,1 ^ 1,1 ^ 3,1 


+ t . 


t, (t. t. - t. t. )J ] sln‘2-Vnj)e 

^ 3,2 ^ 1,1 ^ 2,1 ^ 2,1 ^ 1,1 J 


-Ca^ bj{ (t^ 


t . ) (t. b , 


- t. 


1/4 


t . ) 


1,4 ^3,1 ^2,2 ^2,1 ^3,2 


+ (t^ - t . ) (t^ t . - b^ b . ) 

2.4 -^2,4 ^1,1 ^3,2 ^3,1 ^1,2 

+ (t. - b. )(b. b. - b. b. )i 

3.4 -'3,4 ^2,1 ^1,2 ^1,1 ^2,2 ^ 


+ b. b .£ (bj. - b. )(b. b. - b. 

1,4 -'l,4 2,2 ^3,2 ^3,2 ^ 


2,2 


+ (b. - b . ) (b. 


- b. 


t, ) 


■^ 2,4 -^ 2,4 ^ 3,2 ^ 1,2 ^ 1^2 -^ 3,2 

+ (b. - b. )(b. b. - b. b. )} 

3,4 -^ 3,4 1,2 ^ 2,2 ^ 2,2 ^ 1,2 ^ 


+ a. b. b . £ b. (b. b. - b. b. ) 


1 1 J 1 


1,2 ^ 3,1 ^ 2,2 ^ 2,1 ^ 3,2 


+ b. (b. b. -- b. b. ) 

^ 2,2 ^ 1,1 ^ 3,2 ^ 3,1 -^ 1,2 

+ b, (b. b, - b. b. )i ] ^© . 

3,2 ^ 2,1 ^ 1,2 ^ 1,1 ^ 2,2 J 

- a. a . b . ( b . (b. b . - b. b . ) 

-* 1,1 3,1 ^ 2,2 ^ 2,1 ^ 3,2 


-f t 


(t. 


■^ 2,1 ^ 1,1 ■^ 3,2 ^ 3,1 ^ 1,2 


^i, 


+ b . Cb. b . “ t 

^ 3,1 ^ 2,1 ^ 1,2 . ^ 1,1 ^ 2,2 


Eqn. (3.14) conbd 
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b. b. { 
1 3 

t , 

■^1,1 

(ti t. 

2,2 ^3/2 

- 1. 

^3, 

+ t . 

-^2,1 

(ti 

3,2 

^ 1 #2 ^1/2 

t . 

^3,2 

+ t . 

^3,1 

(ti 

1,2 

t , - t. 

^2,2 ^2^2 



t . 


J 


2,2 


cos 



(2-2/n^)e^ 


.... (3.14) 

But 

(^) cos(2/n .-l) sin(2/n .-l)g 

i j ^ ^ j 

for all values of and @j and n^ > 2 and n^ > 2 . So if 

the values of n^ and n^ are kept equal to or greater than 

2, the condition for developability reduces to 

EXP.N = 0 (3.15) 

where the expression EXPN is given by Eqn. (3.14), 

Further, if the spatial configuration of the 
super- convolute is given as per definition A, then substi- 
tuting for the elements of the matrices [t^] and [Tj], 

Eqn, (3.14) reduces to 

EXPN = [a. a. {sin (a. - a, )(d. cost. cosBj sinr. 

JiJ 1 J J 

- di cosl3. sinr. cost.) 

-L J- J 

+ cos (a. - a. ) (d . sin3. sinr. cos^. sinr. 

1 1 J 1 1 3 J 


■^1 

cos^^ 

sinri 

sin^j 

sinr J ) 


cos|3^ 

sinr^ 

sin/3 

sinr^. 

d, 

X 

sin/3 . 

1 

sinr^ 

COsPj 

sinT i sin^^-^/^i^e. 

J X. 


Eqn, (3,16) contd 
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+ b, a . isin (a - a )(d. sinr. cosl3 . sinr . 

i j jij 1 j j 

+ cos3^ cosr^ cosTj ) 

- cos (oc_. ~ a. ) (d . sln/3 cosy. gos3 . sinY 

J 1 J 1 1 J j 

+ d. cos3. COSY. sinj8 . sinY.) 

i 1 J J 

+ d . cos/3 . COSY. sinjS . sinY . 

J 1 1 J J 

+ d. sin® . COSY. cos3 . siny . } cos , 

^ ^ J J 1 

+ a. a. b. {sin (a - a.) cos/3. cosY . 

J ^ J 1 1 J 

- cos (a. - a.) cos/3. siniS , sinY. 

J 1 1 J J 

+ sinS^ cos3j sinY^ i] sin^ j 

+[ a. b { -sin (a. - a. )(d. cosy. cosj6 . cosy. 

■^J jijijj 

+ d. cosP. sinY. sinY.) 

1 1 1 J ' 

- cos (a - a.)(d . sin/3. sinY. cos/3. cosY, 

-i i ^ 


+ d . 

cos/3 , 
1 

sinY, 

1 

sin/3 . 

J 

COSYj ) 


cosP^ 

sinY^ 

sin/S , 

J 

cosY . 

J 

+ c3 . 

1 

sin/3 . 

1 

sinYj^ 

cosP . 

J 

COSY . 

J 

>• b . 

^ J 

{ sin 

(ttj - 

a^) (-d 

J sinY 

+ c3^ 

cos/3 . 

X 

COSY^ 

sinYj ) 



-h cos (oc. - a. )(d. sin^. cosy. cosP, cosy. 

J X J 1 X J 

+ d. cos/ 3 . COSY-. sin/S. COSY.) 

I X J J 

- d. cosP. COSY, sin/ 3 . cosY. 

J 1 1 J J 

“ d. sin /3 COSY. cosP . cosY . i cos ^©. 

^ 3. J J X 

Eqn. (3.16) Gbntd, 
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+ a. b. b.x sin (a. - a.) cos/3, siny . 

2 i 1 J 

+ cos (a. ~ a.) cosP. stnP . cos7. 

31 13 3 

- sin3. cos^ . cosy , i] cos ^^"^'^’^3' ^9 . 

^ J J J 

~ a. a. b.{ sin (a. - a.) cosT. cos/S. 

133 3 1 1 3 

+ cos (oCj - a^j^) sinj3^ sinr^ cos/3 j 

~ cos3. sinr. sinS . i sin^^'^^’^i ^©. 

113 1 

- a . b. b.{ sin (a. - a ) siny. cos/3 . 

- cos (a. - a.) sin^. cosy. cosiB. 

31 X X 3 

+ cos/3, cosy, sin/3. icos^^"’^'^^i^©. 

1x3 1 

.. (3.16) 

3.4.3 tTHe, Vg-b,.- Vector 

The r:-\<,)a-.-.r'' vector at the generic point of the 
primary directrix is given by 

* 

r. X r, 

Vsb - — (3.17) 

. 3 

^i 

Substituting for / r^ and s^ and simplifying the 
expression, the : kb vector is obtained as 


/ 
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(n^-l) )9^ 

t. 

^2/1 

t, -t . 

^3/2 ^2,2 

t. 

^3,1 

3 

(Factor 1)^ 

t . 

^3/1 

t. -t. 

^1/2 ^3,2 

t. 

^1,1 

t. 

^1/1 

t. 

-t. 

t. 


2,2 

^1/2 

^2,1 


(3-18) 


where (Factor 1)^ is given by Eqn, (3.11). 

If the spatial configuration of the super convolute 
is given as per definition A, then Eqn. (3.18) reduces to 


kb 


(n. -Da, b. sin^^“^'^’^i ^0, 

XXI 2 

(2-4/n. )^ 

CO S X © . 

X 


(Factor 1). 


~1 


sina. cos3. 

X X 


-cosa. cosi3. 

X X 


-sin8 


(3.19) 


3.4.4 Magnitude of the Geodesic Curvature 


by 


The magnitude of the geodesic curvature is given 

k = n (3.20) 

y 


where n is the unit normal vector to the surface of the 

— s 

super- convolute. 


£l (Ej - El) 



(3.21) 


3.4.5 Arc Length 


The arc length between two consecutive positions 
of the generic point along the primary directrix is given 
by 
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^ a. sin9 i 

n. i 11 

©1 1 


2 ,. I1/2 

+ { b. COS0. i ] d©. (3.22) 

1 ^11 


where ©^ and 9^ are the values of the parameter ©^ corres- 
ponding to the two consecutive positions. 


3.4,6 Arc- tangent Angle 


The angle made by the tangent vector at a 
generic point along the primary directrix with respect 
to the tangent vector at the starting position of the 
generic point is given by 


= S (s. ) ds. 
1 0 11 


( 3.23) 


where 3c (s^) indicate that the curvature vector is a 
function of the arc length s^. 

3 . 4.7 Angle Between the Arc-tangent and the Generatrix 


The angle between the arc- tangent and the gene- 
ratrix is given by 


= cos 


-1 




^ ] . 


- £1 > 


(3,24) 


3.4.3 Algorithm for Development of Super-Conical 
Convolute 


The algorithm for the development of the super- 
conical convolute is given below. 
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Step 1 : 


(a) Read the data about the spatial configuration 
of the super-conical convolute. If the 
spatial configuration is given as per defini- 
tion (a) (refer to Section 3.3.1), then read 
the values of a. , , y. , d. , a . , i3 . , 

1 1 1 1 j j 

Tj and dj. If the spatial configuration is 
given as per definition (B) (refer to Section 
3.3.2), then read the values of , Tj and 
the elements of the matrices [mth^] and 
[mth^.] where 




jo 0 0 1 

and the matrix [mth^] is given by replacing 
the subscript i by j in the above eg-uation. 


(b) Read the values of a^ , b^ , n^ , a^ , bj 
and Uj . 

(c) Also read the value of NQ , the number of 
parts into which v/2 radians are to be divided . 
The total number of points to be considered 
along the directrices is then 


N = 4NQ + 1 



65 


Step 2 : 

Step 3 : 

Step 4 ; 

Step 5 : 


Also 
Step 6 : 


Find the transformation matrix for each directrix. 
Use Eqn. (3.5) if the spatial configuration is 
given as per definition (a) and use Eqn. (3.6) if 
it is given as per definition (B) , 

Find 9. , the increment to be used for the 

INC 

parameter 9-. 

9. = 2V(N*-1) radians. 

^INC 

Calculate the various terms in Eqn, (3.14) which 
are constant for the given convolute, i.e. inde- 
pendent of the values of 9. and 9.. 

^ J 

Set the initial conditions for the integration 
of Eqn, (3.22) for arc length, Eqn, (3,2 3) for 
arc- tangent angle and Serret-Frenet equations for 
the development of the primary directrix. 


^i 

(1) 

= 0 

'^i 

(1) 

= 0 

^1 

(1) 

= 0 

^2 

(1) 

=1.0 

^3 

(1) 

= 0 

^4 

(1) 

= 0 

9. 

1 

(1) 

= 0 


Do the following steps (Step 7 to Step 13) 


for K = 1 to N 
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Step 7 ; If K = 1, go to Step 8. If K > 1, set 
0. (K) = 9. (K - 1) + 0. 

Step 8 ; For the given value of 0^ (K) find the correspond- 
ing value of 0j (K) from the condition for deve- 
lopability. This fixes the positions of the generic 
points of the two directrices. Further calculations 
given in the following steps are carried out for 
this pair of positions only. 

Step 9 : Calculate the unit tangent vectors at these points 
(use Eqn, (3.10)'', 

Step 10s Calculate the length of the generatrix. 



Step 11: Calculate the angle between the arc-tangent and 
the generatrix# (K) from Eqn. (3.24). 

Step 12: Calculate the unit normal vector to the convolute 
surface (Eqn, (3.21)). 

Step 13: Calculate the curvature vector using Eqn. (3.18). 

Step 14: Calculate the magnitude of gtsodesic curvature 
from Eqn. (3.20). 

Step 15: If K = 1# go to Step IS. If K > 1, go to Step 16, 

Step 16: Calculate the arc length from Eqn. (3.22). Suit- 
able numerical method can be used for the inte- 


gration 
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®i 

©. (K) 

+ ~ / 

©^(K-l) 

+ { b. sin^^/^i'’^^0. cosQ.i ^]^d9. 

1 i i 

For values of 0^ (K) upto 90 degrees/ the value 
of s^ (K) can be obtained by integration. For 
values of 0^ (K) above 90 degrees/ the syminetrY 
of the super-ellipse (the primary directrix) about 
its major and minor diameters can be utilized and 
the calculations simplified as shown below: 

s^ (K) = 2s^ (Nl) - s^ (N2-K+1) 90°<©^ (K )< 180° 
s. (K) = 2s, (Nl) + s. (K-N2+1) 130°<©. (K)<270° 

J* 3» 

and s. (K) = 4s. (Nl) - s. (N-K+1) 270°<@. (K)<360° 

XIX X 

where 


( a^ cos^^'^^i*’^^©^ sin©^ V 


N^ = NQ + 1 
N 2 = Nl + NQ 
N^ = N2 + NQ 
and N = N3 + NQ. 


Step 17: Carry out the integration of Serret-Frenet 

equations and Eqn. (3.23) to find (K), (K)/ 

Y^ (K)/ Y^ (K) and (K). 

Step 18: The co-ordinates of the generic point in the 

development of the primary directrix are given 
by 
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(K) = Y (K) 
and (K) = Y^ (K). 

Corresponding co-ordinates of the generic point 
on tile development of the second airy directrix are 



(K) 

= ^d. 

1 

(K) 

+ L 

cos 6 

and y^ 

(K) 

= ^d. 

1 

(K) 

+ L 

sin6 

where 






6 = 

•H 

(K) + 

'^i 

(K) . 



Go to Step 6 . 

3.5 Case Studies 

The foregoing methods for development of conical 
and super-conical convolutes can be illustrated by means 
of some examples. Based on the algorithm discussed in 
Section 3.4.8/ a set of two computer programmes have been 
developed. For the first programme, the input data is as 
per definition (A) of the primary and secondary directrices. 
The second«m programme accepts the input data as per 
definition (b) of the directrices. 

For each curve of the directrices the values of 
a, b and n can be selected. By making suitable combina- 
tions the following pair of directrices can be obtained. 
Circle-circle, circle- ell ipse, ellipse-ellipse, super- 
ellipse - super-ellipse, etc. The orientation of the 
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planes of the two directrices are to be given. Also certain 
auxiliary data which govern the numerical accuracy of the 
integration process needs to be given. 

Here conical or super-conical convolutes whose 
directrices are specified as per definition (a) are taken 
for example, Convolutes whose directrices are specified 
as per definition (B) are not presented here. Any of the 
convolutes that fom part of the thin ducts discussed in 
Chapter 5 can be taken as an example for such a convolute. 

In all these examples the input data regarding the 
geometry of the convolute is as per the details given in 
Table 3.1, The output data is presented in graphical form, 

3.5.1 Example 3«1 

The directrices of the convolute considered are 
circles. The planes of these directrices are pearpendicular 
to the O-XT plane. The output data is presented in graphi- 
cal form in Figure 3.6. Figure 3.6a gives the orthographic 
views of the convolute and Figure 3,6b the development of 
the convolute. 

3.5.2 Example 3.2 

One of the directrices is a circle and the other 
an ellipse. The planes of the 'directrices are inclined 
to the 0-XY plane. The output data is presented in gra- 
phical form in Figure 3.7, 
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Fig. 3.6 a Orthographic views of conical convolute. 
Example 3.1 . 
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Fig . 3.6 b Development of conical convolute. 
Example 3.1. 
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elopment of conical convolute. Example 3.2 
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3.5.3 Example 3.3 

Bo1±i the directrices of the convolute are ellipses 
whose planes are inclined to the O-XY plane. The curves 
of the directrices have also been rotated about the res- 
pective local z axes. The output data is given in graphi- 
cal form in Figure 3.3. 

3.5.4 Exampl e 3.4 

Both the directrices of the convolute are super- 
ellipses. Their planes are inclined to the O-XX plane. 

Also the curves of the directrices are rotated about the 
respective local z axes. The output data is given in 
Table 3.2 and 3.3 and is also graphically presented in 
Figure 3.9. Following details are given in Table 3.2: 

(i) the value of the parameter 0^ of the primary 
directrix, 

(ii) the corresponding value of the parameter of 
the secondary directrix, 

(iii) the co-ordinates of the generic point on the 
primary directrix, (x^ ' 

(iv) the co-ordinates of the corresponding generic 

point on the secondary directrix, (x. # y . , 

j J 



(v) the magnitude of geodesic curvature, Xg, of the 
primary directrix at (x^ , y^ , z^). 
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Fig. 3.8 a Orthographic views of conical convolute. 
Example 3.3 . 
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Fig. 3.9a Orthographic views of super- conical convolute. 
Example 3.4 . 





Fig. 3.9c Magnitude of geodesic curvature vs. arc length. 
Example 3.4. 
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(vi) the arc length of primary directrix.# , from 
the starting point to the point (x^ ' * ^i ^ 

and 

(vii) the length of the generatrix# L. 

In Table 3.3 the co-ordinates of the development of the 

primary directrix , y^ ) and of the secondary directrix 

i i 

(Xd ' ^ given. 
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Table 3.1 Input Data about Geometry of Directrices 


Escample No, 


3.1 

3.2 

3.3 

3.4 

Primary directrix 

Circle 

Circle 

Ellipse 

Super- 

ellipse 

Secondary directrix 

Circle 

Ellipse 

Ellipse 

Super- 

ellipse 


“i 

/ deg 

30. 

45. 

60. 

15 . 

Details 


/ deg 

0. 

20. 

10. 

30. 

of 

’'i 

f deg 

0. 

0. 

15. 

20. 

Primary 



5. 

7.5 

7.5 

10. 

Directrix 

^i 


1. 

1. 

1. 

1. 


^i 


1. 

1. 

0.8 

0.6 


^i 


2. 

2. 

2. 

3.25 


a . 

J 

/ deg 

60. 

75. 

75. 

20. 

Details 


/ deg 

0. 

10. 

-10. 

-15. 

of 

r . 

3 

# deg 

0. 

0. 

-15. 

-10. 

Secondary 


* 

4.5 

6.5 

6.5 

9.5 

Directrix 



0.6 

0.8 

0.6 

0.75 




0.6 

0.5 

0.2 

0.75 




2 . 

2'. 

2. 

2.5 


Table 3.2 Details of Super- Coni cal Convolute. EKample 3.4 
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Table 3.3 Development of Super-Conical Convolute. 
Example 3.4 


s . 

No . 

d . 

1 

^ d . 

^ d . 

1 


1. 

0. 

0. 

-0.114 

1.467 

2. 

0.134 

0.002 

-0.106 

1.479 

3. 

0.205 

0.007 

--0.081 . 

1.502" 

4. 

0.26 2' 

0,015 

-0.050 

1.529 

5 . 

0.312 

0.026 

-0.013 

1.563 

§• 

0.358 

0.041 

0.029 

1.601 

7. 

0.401 

0 .058 

0.076 

1.644 

8. 

0 . 442" 

0.080 

0.131 

1.694 

9. 

0.432 

0.105 

0.193 

1.754 

10. 

0 .522 

0.134 

0.325 

1.865 

11. 

0.563 

0.167 

0 . 42 4 

1.949 

12. 

0.604 

0.2 D 4 

0.487 

2.000 

13. 

0.647 

0.2-46 

0.5 39 

2.040 

14. 

0.694 

0.294 

0.583 

2.072 

15 . 

0.743 

0.347 

0.622 

2.099 

16 . 

0.798 

0.408 

0.656 

2 . 120 

17. 

0.861 

0.479 

0.636 

2.138 

00 

• 

0.939 

0.568 

0.709 

2.151 

19. 

1 .08 4 

0.737 

0.723 

2.158 

20. 

1.229 

0.906 

0.736 

2". 165 

21. 

1.305 

0.996 

0.757 

2.175 

22. 

1.366 

1.069 

0.734 

2.187 

2 3. 

1.419 

1.132- 

0.816 

2 .200 

Contd 



Table 3.3 Development of 
Example 3.4 

Super- Coni cal 

Convolute, 

o. 

No. 

1 


1 

1 

24. 

1.465 

1.188 

0.852 

J 

2.214 

25. 

1.507 

1.239 

0.894 

2.228 

2'6. 

1.545 

1.286 

0.944 

2.242- 

27. 

1.580 

1. 330 

1.00 3 

2.256 

28 . 

1.613 

1.370 

1.075 

2.270 

29. 

1.644 

1.408 

1.168 

2.28 3 

30. 

1.674 

1.445 

1.307 

2.296 

31. 

1.705 

1.479 

1.581 

2 .309 

32. 

1.736 

1.514 

1.734 

2.308 

33. 

1.771 

1.547 

1.854 

2.301 

34. 

1.809 

1.581 

1.950 

2.291’ 

35. 

1.856 

1.617 

2.026 

2.280 

36. 

1.915 

1.656 

2.081 

2.270 

37. 

2.0 30 

1.723 

2.113 

2.263 

33. 

2.148 

1.787 

2.1^ 

2.258 

39, 

2.212 

1.317 

2.176 

2’. 2 49 

40. 

2.267 

1.8 37 

2.216 

2.238 

41. 

2.316 

1.850 

2.262 

2.225 

42. 

2.364 

1.858 

2.312 

2.2'10 

43. 

2 .410 

1.861 

2.367 

2.192' 

44. 

2.456 

1.858 

2.431 

2.171 


Contd 



Table 3.3 Development of Super-Conical Convolute 
Example 3.4 


s . 

No. 

^ d . 

i 

^ d . 

1 



45. 

2.503 

1.852 

2.511 

2.145 

46. 

2.551 ‘ 

1.840 

2.661 

2.094 

47. 

2.601 

1.824 

2.746 

2.066 

48. 

2.653 

1.803 

2.800 

2.047 

49. 

2.707 

1.777 

2.8^ 

2.033 

50. 

2.765 

1*745 

2.873 

2 .021 

51. 

2,827 

1.707 

2.900 

2.011 

52. 

2.895 

1.661 

2.925 

2.003 

53. 

2.972 

1.605 

2.946 

1.995 

54. 

3.065 

1.533 

2.963 

1.989 

55. 

3.2 39 

1.39 3 

2.976 

1.985 

56. 

3.410 

1.251 

2.992 

1.979 

57. 

3.500 

1.175 

3.020 

1.969 

58. 

3.570 

1,111 

3.059 

1.954 

59. 

3.630 

1.055 

3.113 

1.934 

60. 

3.682 

1.00 3 

3.185 

1.910 

61. 

3.729 

0.956 

3.281 

1.885 

62. 

3.771 

0.914 

3.406 

1.867 

63. 

3.811 

0.875 

3,566 

1.865 

64. 

3.3 50 

0.8 39 

3.847 

1.903 

65. 

3.888 

0.808 

4.013 

1.942' 


Contd 
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Table 3.3 Development of Super-Conical Convolute. 
Example 3.4- 


SI. 

No. 

X 



^d. 

1 

66 . 

3.926 

O. 78 O 

4.117 

1.974 

67. 

3.965 

0.755 

4.191 

2.004 

68 . 

4.006 

0.734 

4.248 

2 .032 

69. 

4.050 

. 0.715 

4.296 

2.057 

70. 

4.099 

0.698 

4.335 

2.080 

71, 

4.156 

0.685 

4.367 

2.099 

72 . 

4.225 

0.672 

4.391 

2.116 

73. 

4.358 

0.656 

4.400 

2.127 



Chapter 4 


DEVELOPMENT OF HELICAL CONVOLUTES 
helical Co nvo lutes 

Helical convolute is the surface generated by a 
straight line generatrix moving in such a way that it is 
always tangent to a helix [ 2 The convolute can be 
called as cylindrical helical convolute or conical helical 
convolute depending upon whether the helical curve lies on 
a cylindrical or a conical surface (refer to Figure 4.1). 

4.2 Development of Helical Convolutes 

Helical convolutes are tangent developable sur- 
faces and hence satisfy the condition for develop ability 
automatically [is]. The algorithm given in Section 2’,6.1 
is followed to get the development. In the case of cylin- 
drical helical convolute exact mathematical expressions 
have been obtained for the co-ordinates of the two ends of 
the generatrix at its various positions in the development 
of the convolute. 

4.3 Oonical Helical Convolutes 
4.3.1 Conical Helix, the Directrix 

The parametric representation of a point on the 


conical helix is given by 
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r . = 

—X 


a. (l - e. ©. ) cos ©. 


'0 


1 i 


a. (l - e. ©. ) sin ©. 


0 


C • © . 

1 1 


1 1 


0 < 9'^ < 2Tr 

a. , e. , c. > 0 

■‘"o 


(4.1) 


where the nomenclature is as follows: 


©. 


1 



e. 

X 


the parameter measured in radians , 

radius of the helix at the starting point 
(©^ = 0 radians ) , 

rate of change in radius of the helix per unit 
radian of rotation of the generic point along 
the helix per unit radius at the starting point 
and 

axial movement of the generic point along the 
helix per unit radian of rotation. 


In general Eqn, (4.1) represents a conical helix. If 
e^ = 0, then the helix is a cylindrical one. Subscript i 
is used for the directrix which in the present case is a 
helix. 

The tangent vector at any point along the helix 


is given by 
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. '’£1 
El =3s7 


^(l - e. 9.) sin 0. + e. cos 0 . J 
O i 1 11 1 

% - ®i ®i> ®i - H ®i‘ 


(4.2) 


The magnitude of the tangent vector is 
5 = 


t. 

-1 


0 


[a^ (1 - © )2 + e 2^ 

X X X 


211/2 


(4.3) 


The unit tangent vector is given by 


(1-e^ 0^)^ 


0 


*f G 




2ll/2 


i -a. C(l-e. ©. ) sin 0. +e. cos 0. i 

wi- IL* jLm 


a. i(l-e. 0. )cos ©-• “6. sin 0. ) 

1q 11 11 1 


^i 


(4.4) 


The second derivative of r. with respect to the 


— 1 


parameter is given by 


£i = 


^2 

d 


d©/ 

1 


-a. ^ (1 - e. 0. ) cos 9. - 2e. sin ©. i 

1q 11 11 1 


“.a. 


o 


i (l - e. 0.) sin 0. + 2e. cos 9. i 


^0 


1 1 




(4.5) 

4.3.2 Conical Helical Convolute Surface 

A general point P on the conical helical convolute 
surface is given by..- 

x* = r. -f X (4.6) 
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where 

£j[ ~ the position vector of the point of tangency on 

the conical helix with the generatrix on which 
the point P lies, 

— i “ unit tangent vector to the helix at the point 

of tangency and 

X - distance between the point P and the point of 
tangency on the helix. 

If L is the length of the generatrix, then the other end 

of it is given by 


or, 




= El + L 


a. (l-e. ©j ) cos ©. - L. a. ^ (l-e. © . ) sin ©. 

-1-q1X XIIq li 1 

+ e^ cos ©^ i 

a. (l-e. ©. ) sin 8. + L. a. { (l-e, 9.) cos ©, 

XqI I 1J.1q 11 1 


- e^ sin 9^ j 


' ^1 ""i 


.... ( 4 . 7 ) 


where 

L 


1 - [a, 2 j (3_ . e © )2 ^ 2 “2^172 


^0 


X X 
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4.3.3 Surface Normal 

Considering the helix as a cuirve on the helical 
convolute, at. any point on the helix the unit normal to 
the convolute surface is given by 


n 


f. X ( r . - r. ) 

_ — i J Zi 

j! Si ^ (Ej - £i) 11 


(4.8) 


But the vector (r . - r. ) is along the vector . Hence 

J 1 ^ 

the cross product f . x (r . - r. ) is a null vector. Hence 

1 J X 

the unit normal to the surface is found in another way. 
Since the helical convolute is generated by generatrices 
along the tangent to the helix, the vectors r^ and r^ lie 
on the surface of the convolute. Hence the normal to the 
surface is calculated by 


n = 

“S 


£1 X r. 


£i ^ i'i 


(4.10) 


Substituting for and from Eqns. (4.2) and (4.5) 


and simplifying^ 


n 

— s 


[=1 ®i>' 


+ 4 e^^ i 

4a . (l-e. 

Iq 


4- 2 e^ 


i] 


1/2 


:.{(!- ej ep sin 


4-2 e^ cos i 


-=1 1 (1 - e. cos e. 

- 2 e^^ sin 0^} 


a. { (1 - e, 0. ) 4-2 e. i 1 

Xq ^ ^ ^ _J 


(4.11) 
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4.3.4 Magnitude of Geodesic Curvature 


The magnitude of geodesic curvature is given by 


* ' • 

r . X r . 

Tc = n . 
g —s .3 


^i 


Substituting for n from Eqn. (4.10) and simplifying 


k 


1! £i ^ £i il 


. 3 

h 


(4.12) 


X'Jhen the expressions for , r^ and s^ are substituted 
from Eqns. (4.2), (4.5) and (4.3) and simplified. 


a. [c«^ ^ (l“e. 9. )^+ 4 e. ^ i + a. 

Xq X XX X X 


k. = 


2 { (i_e. 0, )2+ 2 e.^5 


0 


1 X 


[a. ^ { (1-e. 0.)^ + e.^ i + 


1 1 ' 


... (4.13) 


4.3.5 Arc Length 


The length of arc along the helix from the starting 


point to a given point is 


0. 

1 


Si = ^ 

^ 0 




t 


9. 


= / [a. ^ (1 - e. 9. )^ + e. 

r-\ Xa J- a- -J- 


2 . . 2 j . 2 


+ c. 


0 


0 


d0^ 


(4.14) 


4.3.6 Arc- tangent Angle 

The arc-tangent angle of the helix is given by 
s. 


'i'. = k (s, ) ds, 

1 Q g X i 
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■where k (s, ) is -the geodesic curvature given as a function 
of the arc leng-th, Substi-tuting for the geodesic curvature 
kg (sj^) and ds^ / the ejcpression for reduces to 



a. [c. J( l-e. ©j + 4 e. 

X X X X 

+ a^ ^ ©i^)+ 2 e^^i 




d©i 


(4.15) 


4.3.7 Angle Between Arc- tangent and Generatrix 


Since the generatrix is along the tangent -to -the 
helix, "the angle between -the arc-tangent and 'the genera'trix 
is zero. 

4.3.8 Development of Conical Helix 


The development of the primaary directrix, •the 

helix, is to be first carried out. Since the geodesic 

cna.iva'ture, k , and ■the arc leng^th, s, / are continuous func— 
g r 

tions of the parameter 9^ (refer Egns. (4.13) and (4.14)) 

■the development of the primary directrix is carried out by 
integrating Serret-Frenet equations expressed in terms of 
the parameter ©^ (refer to Appendix II). Here, for conical 


helical convo lutes. 
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*1 "‘Sr = ‘ Cl - e/ + i + 


f, (©. ) = k = 
z 1 g 


a,. [c/ ^ Cl-e. 0. + 4 e,. i 

Xq i IX X 

+ a. ^ ^ (1-e. ©. )^ +2 e.^ i 
[a. ^ ^ (1-e. ©. )^ + e.2 i + 

X/-N 11 1 1 


<a'f-(9. ) 

f 3 <®i> = —a ir - 


-% ®i Cl - e^) 


i r 2 r ,, ^ ,2 2 1 . 211/2 

La. z (l-Bj 6 . ) + e. i + c . J ' 

1q i 1 X 1 

.... (4.16) 

Substituting Eqns. (4.16) in Eqns. (.11.6) and simplifying 



(4.17) 
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where 


= ^d, 


dx 


dSi 


(4.18) 


and 


dy, 




de, 


The initial conditions are 


= X = “ 


dx. 


d9. 


f 1 (© ) 
1 o 


and 


^d. 

a 


ay 


d. 

1 


d0, 


= O 


= o 


(4.19) 


where 6 is the initial vaL'ue of If © s= 0/ then 

o n o 


tj CSo) = [a. <l + ej- 




(4.20) 


Integrating Egns. (4.17) vith the naifcdal conditions given 
by Eqns, (4.19), the development oi the primary directrix, 
the helix, is obtained, 

4.3.9 Development of Conical Hell cal Convolute 

The development of conical helical convolute is 


carried out by 
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(1) developing the conical helix,, 

(2) finding the arc-tangent angle at various point 
along the helix and 

( 3 ) then, for the given length of the generatrix, 
fixing the other end of the generatrix. 

For developing the helix, integration of equations (4.17) 
is carried out as discussed in Section 4.3.8. The arc- 
tangent angle, , and the arc length, s^ , are given by 
Eqns, ( 4 . 15 ) and (4.14) and it can be seen that 

and ©. 

■= f *1 

(fafertD Section 4. 3. 8). Hence the integration for and 

can be carried out along with the integration of Eqns. 

(4.17). The initial conditions are ~ ^ 

s. (© ) =0. 

10 

The algorithm for the development of the conical . 
helical convolute is given below. Apart from developing 
the convolute, the position vectors of the two ends of the 
generatrix in the global co-ordinate frame and the geodesic 
curvature are found so that the orthographic views of the 
convolute and the graph of geodesic curvature vs. arc 
length can be drawn. 
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Step 1 i 


Step 2 ; 


Read the values of a. , c. / e. # L and ND 

Iq 1 1 

where ND is the number of parts into which 2 Ti 
radians are to be divided. The total number of 
points to be considered along the helix is 
M = ND + 1 

Find ©. f the increment to be used for the 
INC 

parameter 


©. 

X 


INC 


2 T C 
ND 


radians 


Step 3 : Set the initial conditions for integration of 
Eqns. (4.17)^ (4.15) and (4.14). 

(1) = O. 

(1) = [a^ ^ (1 + e^^) + 

Yg (1) * 0. 

Y^ (1) = 0. 

( 1 ) = 0 . 

s^ (l) =0, 

Step 4 : Set 0^ = 0 radians. 

Step 5 : Do the Steps 6 through 10 for K=1 to N, 

Step 6 s If K=l, go to Step 7. If K>1, go to Step 8. 


Step 7 : Calculate, at the initial position, the position 
vector of the two ends of the generatrix (Eqns. 
(4.1) and (4.7)) and also the geodesic curvature 



(Eqn. (4,13)) 


10 3 


r^(l) 


"0 


0 


where 


a. - L. (1) a. e 
^0 ■ ^0 ' 


rj (1) = 


and 


Kgd) 


Ldl) = 


Lj (1) a^ 
( 1 ) 


0 


4 [c.^d + 4 e.^) + a. ^(1 + 2 


1 ^ 1. 


^0 


[a, 2 (1 ^ 2) ^ 2]3/2 

[a. ^ (1 + e.^) + 

Iq ^ 


Go to Step 10 , 


Step 8 t Find the values of (©^)/ ±2 (®j_) and (6^) 

from Eqns, (4,16), Carry out the integration 

of Eqns. (4.17)> (4.15) and (4.14) over t±ie 

range 9. to ©. (©. = ©. - ©_• ) to find the 

p p INC 

values of (K), (k), (K)^ Y^ (K), (K) 

and s^ (K) , Also set 

(K) = f„ (9. ) . 

g 2 1 
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Step 9 ; Find the position vector of the two ends of the 
generatrix, r^ (K) and r^ (K), from Egns." (4.2) 
and (4.7). 

Step 10: Find the co-ordinates of the two ends of the 
generatrix in the development, given by 


^d. 

1 

(K) = Yj 

(K) , 






(K) a y 

(K) , 






(K) = 

1 

(K) + 

L cos 


(K) 

and 


•H 

it 

(k ) + 

L sin 

^i 

(K); 


X 

and y^ are the 
1 

co-ordinates of 

the end of 


the generatrix lying on the helix; x, and y, 

j J 

are the co-ordinates of the other end of the 
generatrix. 

Step 11: Set 0. = 0 . ; 6. = 0. + 6. . Go to Step 8 , 

p / 13. 1 

4,4 Development of Cylindrical Helical Convolute 

For cylindrical helical convolute the various 
expressions given in Section 4.3 are reduced by putting 




= 0. 



a. cos 0. 
O 

a. sin 0. 
Iq 1 


(4.1a) 


1 



•Ml 


- a. sin © . 
a. cos ©. 

Xq X 


^x ~ S' ^ 

0 


2 , 1/2 


-i = 


cTSTW 

Xq X 


- a. sin 0. 
0 ^ 

a . CO s © . 
Xq 3. 


"=i 


r. =: 




- a. cos ©. 

Xq X 

-- a. sin ©. 
io X 

0 


a. (cos ©. - L- sin ©. ) 
Xq XI X 

a. (sin ©. + cos ©. ) 

Xq XXI 


^i (©^ + L^) 


where 


7 T~, 2.1/i 

Ca. + c:,* ^ 

Xq X 


k„ = 


•0 


('2.2, 

(a. + c. ) 

Xq X 


®i 


= (a. 2 + c e. 


■^0 ■ 


10 5 


(4.2a) 


(4.3a) 


(4.4a) 


(4.5a) 


(4.7a) 


(4.13a) 


(4.14a) 
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Ca. +c/)l/2 ^ 

0 ^ 


(4.15a) 


Froin "th© aixDV© scjuations it can b© sssn that th© anc 
length and the arc- tangent '4'^ are proportional to 0^^. 
•Also it can he se©n that the geodesic curvature h is 
independent of ©£• It is a function of a. and b. only 
and hence a constant for a given cylindrical helical 
convolute. It is independent of arc length. 


The integration of Serret-Prenet equations has 

been done and expressions for the co-ordinates of the end 

points of the generatrix in-' the development have been 

obtained. They are * 

2 2 

a. +c. a. 

x^ = ( ~ ) sin { “ a a I © . 

% (a. ^+c/)l/2 ^ 

2 2 ° 

y = ( — 9 ^ ) [i_cos{ rz-y 1 


(a, %c/) 
0 


'’j '^1 (a. 

% 

^ L sin I 5-^3 Je, , 


. (4.21) 


4.4.1 Algorithm for the Development of Cylindrical 
Helical Convolute 


In the algorithm given below/ apart from finding 
the details of the development of cylindrical helical 
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convolute# details of the convolute to draw its ortho g’ra~ 

•phic views are also found. Also the magnitude of geodesic 

curvature, arc length and arc- tangent angle are found. 

Step 1 : Read the values of a, , c. -L, and ND where ND 
is the number of parts into which 2 ti radians are 
to be divided. The total n\mber of points to be 
considered along the helix is 
N = ND + 1 

Step 2 I Find 0. , the increment to be used for the 

INC 

parameter . 

©. = ~ radians, 

INC 

Step 3 s Calculate the value of . 

Step 4 s Calculate the magnitude of geodesic curvature 
from Egn, (4.13a). 

Step 5 : Set 9^ = 0 radians. 

Step 6 : Do the following steps for K = 1 to N, 

Step 7 : Find the position vector of the two ends of the 
generatrix, r^ (K) and r^ (K) from Eqns, (4*2a) 
and (4.7a). 

Step 8 : Find the arc length, s^ (K), and the arc-tangent 
angle, (K), from Eqns. (4.14a) and (4.15a) 
respectively. 
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Step 9 t Find the co-ordinates of the two ends of the 

generatrix in the development, -x^ (k), (K) , 

(K) and y^ (K), from Eqns. (4.21). 

J j 

Step 10s Set 0. = 9 + e. . Go to Step 6. 

INC 


4.4.2 Drawing of the Development 


Prom Eqns, (4.2 1) it can be seen that the deve- 
lopment of the cylindrical helical convolute consists of 
two concentric circular arcs AB and CD and two straight 
lines AC and BD (refer to Figure 4.2). The straight lines 
AC and BD are tangent to the arc AB at A and B respectively. 
The co-ordinates of 0, the centre of the arcs AB and CD, 


is a. , 2 

( 0 , -) • 

0 

The radius of the arc AB, whida is the development of the 


directrix, viz. the cylindrical helix, is 

a. ^ 2 

lo + c. 

r = • 

P a. 

0 


(4.22) 


The radius of the arc CD, which is the development of the 
curve generated by the other end of the generatrix (this 


is also a cylindrical helix), is 

■)^ + L 


rs = [C- 


2 2 
a. + c, 

^0 ^ ^2 . ^ 2 jl /2 


(4.23) 


‘0 


The angle of both the arcs is 


0 


(a, 

0 


2m radians 
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Measuring the angle X from the line OA, the angular posi 
tions of lin 0 s OA^ OB^ OC 3 .ncJ OD givsn by 


\ = ° 


K 


‘0 


® ^ (a, 2 ) 1/2 

Xq 1 


2r 


X, 


a. L 

tan-l (-42-7) 
%0 


(4.24) 


Xj^ - Xq + Xj^ 

radians respectively. 

If the generatrix is in the positive direction 
of the tangent to the helix, then the value of L is posi- 
tive. So the angle X^ is also positive. The development 
of the cylindrical helical convolute will be as shown in 
Figure 4.2a. If the generatrix is in the negative direc- 
tion to the tangent to the helix, then L and hence X^ are 
negative and the development of the convolute will be as 
shown in Figure 4.2b. 


4,5 Case Studies 

The methods for the development of helical 
convolutes discussed above are illustrated by two examples, 
one for conical helical convolute and the other for cylin- 
drical helical convolute. Based on the algorithms given 
in Sections 4.3.9 and 4.4.1, computer programmes for the 
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dsvGloprTiGnt of conical lislical convolutos and cvlindirical 
nelical convolutes have been developed and used, Hiese 
programmes take as input data the details of the helix and 
the lengtli of the generatrix. Details of the helical 
convolute and its development are calculated for one 
complete rotation along the helix and are presented in 
tabular statements. Also graphic module is available so 
that the following figures can be seen on the computer 
graphics terminal; 

(a) orthographic views of the helical convolute 

(b) development of the helical convolute 

(c) graph of magnitude of geodesic curvature vs. 
arc length of the helix (in the case of conical 
helical convolutes), 

4.5.1 Example 4,1 ; Conical Helical Convolute 

Following is the input data; 

(a) radius of the conical helix at the starting 
point, a. 

0 

(b) axial movement of the generic point along 
the helix per unit radian of rotation, c^ 

(c) rate of change in radius of the helix per 
unit radian of rotation of the generic 
point along the helix per unit radius at 

' the starting point, e^ 


= 0.1 
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(d) 

length of generatrix, L 


00 

o 

(e) 

number of parts into which one complete 

rotation is divided, ND 


72 


The output data is presented in graphical 

form 


in Figure 4,3. 

5 • 2 4.2: Cylindrical Helical Convolute 


The input data is: 

(a) radius of cylindrical helix, a. =2.0 

(b) axial movement of the generic point 
along the helix per unit radian of 

rotation, =1.2 

(c) length of generatrix, L =5.0 

(d) number of parts into which one complete 

rotation is divided, ND = 72 

The output data is graphically presented in 
Figure 4,4. Since the magnitude of the geodesic cuirvature 
is constant throughout the helix, the graph of magnitude 
of geodesic curvature vs, arc length is not given. 

4.5.3 Example '"3: .3 : Conical Helical Convolute with 

Elliptical Base 

So far helices having circular base have been 
considered . The base can also be an ellipse. The surface 
obtained by having the generatrices along the tangent to 
such a helix is conical helical convolute with elliptical 
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Fig. 4.3 a Orthographic views of conical helical convolute. 
Example 4.1. 


I 



Fig. 4.3b Development of conical helical convolute. 
Example 4.1 


'.1 




TOP VIEW 



FRONT VIEW 



END VIEW 


Fig. 4. 4a Orthographic views of cylindrical helical 
convolute. Example 4.2 


117 



Fig. 4.4b Development of cylindrical helical convolute. 
Example 4.2 . 
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base. The various mathematical expressions of Interest 
are given below. If 


(i) 


a. 


0 


is the semi-major diameter of the ellipse 


at the starting. 


(ii) b^^ is the semi-minor diameter of the ellipse 


(iii ) 


(iv) 


at the starting, 

is the axial movement of the generic point 
of the helix per unit radian rotation and 

is the rate at which the semi— major and semi- 
minor diameters change per unit radian rotation 
per unit value of them at the starting point 


then. 


% 


i a. (l - e. ©. ) cos 0, 

J-Q 11 ± 

\ ®1 

=1 ®i 


( 4 . 25 ) 


-a, i (l - e. 0, ) sin 0. + e, cos 0 J 

1q 11 11 1 

b. Hi - e. 0.) cos 0. - e. sin e.j 

1q 11 11 1 


( 4 . 26 ) 


% 


[a. ^ Ml - e. 0.) sin 0. + e. cos © . ^ 

Iq ^ ^ 11 


+ b. ^ ^ (l - e. 0. ) cos 0. - 

f vx '=11. 1 


e. sin 0/ 
1 1 


( 4 . 27 ) 
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^ _ 

— ■ (Factor 1)^ 


where 


-a . { ( 1 

0 

b. { (1 

0 


ej_ cos 0^ - sin J 


L. 

S. 


£j 


(Factor l)j^ 

a. ( 1 - e. © . ) cos ©. 
0 11 1 

! b. ( 1 - e, ©. ) sin ©. 
Iq . 1 1 1 

C. 6 . 

• 1 1 


(4.28) 


I, 


(Factor 1), 


0 


•^0 

0 

2 2 


=j 

i 1 


2 2 


0 

4 

'-Q 


'-0 


g 


-a. 

^ 1 - e . 

©. ) sin ©. 

^0 

X 

X X 

b. 

Ul - e. 

© . ) cos©. 

^0 

1 

X X 

c. 

1 

_0 

' cos 

©. - 2 e. 

• • « 

sin e. J 


1 1 

1 

' sin 

©i + 2 

cos ©ji^J 

sin 

2 

©.+2 e. cos ©.1 

X X X ' 

5. 9. ) 

cos ©.“2 

e. sin ©. 

1 1 

i 

X X 

. ®i^^ 

+ 2 e/i 

2] 1/2 


(4.2©) 

(4.30) 


T 

+ b^- ^ ej_ ©^) cos ©^. - sin 


' K ’ 

[a^ { (1 - ©^) sin ©^ + e^ cos 9^1 


0 


_i 


(4.31) 
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9. 

1 9 

" Q - e. ©. ) sin ©. + e. cos qJ ^ 

+ ‘^ { (l - e. ©.) cos ©. - e. sin ©J^ 

0 i i 11 1 

, 2 -|l /2 

+ Ci J de^ (4.32) 

The equations to be considered for inteqration of 
Serret-Prenet Equations are (refer Appendix III and 
Section 4. 3.8 ) ; 


d Yo 


d©, 
d Y 

, ^ „ -y 

d©. “ ' 


^®i^ ,, ^3^®: 

^2 “ 


^2 

r 

'4 


:.T 


where 


1 

h hjfi! Y 

i (ep 2 


(4. 


^1 


d©i 

( 0 , ) = (a, ^ - b. ^(1 - e. 0 .)^ - 2 e.i sin 

©. ) ^ (a. ^ “ 2 b. ^ ) cos' 

T lr^ 


^2 


+ e. 

+ ^b. 

■^0 

C©^) = a^. (l 


( 1 “ e • 

IX Xq 

in^9. I 


2 - 2 a 


0 


2, .2^ 

) sin 9. 

■0 

) sin ©^ + e^ cos 9^^ 


1q ' - ®i '"i 

^ i (1 - e. ©.) cos 0 . - e. sin 
^•^11 1 1 


+ b. 

1, 


^3 


■0 

+ c^^ and 

^ ^ (1 - 0 ^) sin + 2 


[b. 


(Ol) - . i 

O 

Ul - e. 0 . 

1 1 1 


+ a. w. 
^ 1 

2 V, 

b. 


^0 

(1 - e^ -^i 


. ) cos 0 . 
1 1 


+ a • 

^0 "^0 


0 . )2 + 2 e.' 
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The initial conditions are 

Y, = 0 , 

1 

•2 


Yo - i (1 - e^, 9^) sin cos ^ 

+ \ ^ ^ “ ®i ®o^ ®o “ ®i ^ 


Y^ = 0 and 


Y, 


0 


(4.35) 


where 9 is the initial value of 9. . 
o 1 


The algorithm for the development of -ana conical 
helical convolute with elliptical base is similar to the 
algorithm for the conical helical convolute given in Section 
4.3.9. An illustrative example showing how the development 
of a conical helical convolute with elliptical base can be 
obtained is given here. 

Following i-s the input data; 

(a) Semi -major diameter at the starting 


point, a. 

1 ,. 


= 5.0 


(b) 


(c) 


(d) 


Semi-minor diameter at the starting 

point, b. 

^0 ■ 

Axial movement of generic point of 
helix per unit radian rotation, c^ 

Rate at which semi-major and semi-minor 
diameters reduce per unit radian rotation 
per unit value of them at the starting 


= 3.0 


= 2.0 


point, e^ 


= 0.1 
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(e) Length of the generatrix, L = 8.0 

(f ) Number of parts into which one 

complete rotation is divided, ND =72 

The output data is presented in graphical form 


in Figure 4.5 



TOP VIEW 




Fig. 4.5a Orthographic views of conical helical 

convolute with elliptical base. Example 4.3 
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Fig. 4.5b Development of conical helical convolute 
with elliptical base. Example 4.3 



Chapter 5 


DEVELOPMENT OP THIN DUCTS 

5.1 I ntroduction 

Ducts closed tubular surfaces witli open 
throats or ends such that the dimension along the centre 
line of the duct is large compared to the dimensions 
perpendicular to the centre line. Development of thin 
ducts (i.e. ducts in which thickness of surface is 
negligible) is given in this chapter, 

5.2 Geometry of Ducts 

The following sections. Section 5.2.1 to 5.2.4, 
indicate how the entire geometry of a duct can be expressed 
in terms of a single parameter. 

5.2.1 Centre Line of the Duct 

The centre line of a duct is a space curve or 
a planar curve as the case may be. If it is a planar 
curve, then the duct is called a planar duct; otherwise 
it is called a duct in space. The centre line, being 
a curve, is governed by a single parameter and is defined 
by (refer to Figure 5.1) 
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r_ = 


where 


e 


0 


'®a> 
^a <®a> 
^a <®a> 


’'a '®a> 
<®a> 
^a '®a> 


®A < < © 

Sg - a - 


(5.1) 


position vector of a generic point of the 
centre line of the duct in global 
CO “Ordinates, 

parameter of the centre line, 

value of the parameter at the starting 
point on the centre line. 


~ value of the parameter at, the end point 
^f 

on the centre line and 


vector function defining the centre line 
of the duct in terms of the parameter © , 


Here only those curves that are smooth and continuous 
are considered. It is assumed that singular points or 
discontinuities do not exist along the center line. 

5,2.2 C 3 X)SS Section of the Duct : Plane of Ctoss 
Section 


Corresponding to any point along the centre 
line of the duct, the cross section of the duct is 
defined by the intersection of the normal plane of the 
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centre line at that point with the surface of the duct. 
The tangent to the centre line at that point Is normal 
to the plane of cross section of the duct, A local 
co-ordinate frame is defined for the cross section of 
the duct such that the origin is at the point on the 
csntre line and the X, Y and Z axes are along the normal/ 
bi-normal and tangent vectors respectively to the centre 
line of the duct at that point. Then a generic point of 
the curve defining the cross section of the duct is 
given by 



where 

r - position vector/ in global co-ordinates, 
of the generic point, 

3- - position vector, in local co-ordinates, 

"Hu 

of the generic point 

n , b , t — normal, bi -normal and tangent vectors to 

-ft —a —a 

the centre line of the duct and 
r — position vector of the point on the centre 


line of the duct 
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The s^Iffices X, y and z indicate the components along the 
X, Y and Z axes in the global co-ordinate frame. The 
vectors and t^ are obviously functions of 9^. 

Expressions for , b^ and t^ can be derived using Eg, 
(5.1) [ 18 ] and are as follows; 


t = 

(r„ . 


ITT 


kn = 
—a 


(f-^ . rj r- (t . r ) r 
—a *~a —a —a —a 

n tt; 

‘Ea • ia’ 


« (£• xr).(f‘ xr) 

2 ^-a -a -a -a 

‘£a • 


b = t X n 
-a —a ~a 


where 


dr 

t and r 

—a d9 —a 

a 


dV 


<39. 


5,2,3 Cro s s Section of the Duct ; Shape and Size 


The cross section of the duct can vary in shape 
and size along the length of the duct. This variation 
can be taken care of by expressing the details governing 
the shape and size of the cross section of the duct as 
functions of the parameter 9^. The curve defining the 
cross section is a one parameter vector function. Let 
& be the parameter. Apart from the function, the 
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constants in the vector function control the shape and 
size of the curve. If these constants are made to be 
functions of the parameter 0^ , then depending upon the 
value of f the shape and size of the cross section of 
the duct will vary, A generic point of the curve of cross 
section is then given by 


£l 


X (© - 0 ) 

cs a ' cs 

y (0 , © ) 

■^cs a cs 

z (© , © ) 

cs a cs 


(5.3) 


where x , y and z are components of the vector 
CJ S Cj o c s 

function along the Y and Z axes of the local 
co-ordinate frame. Generally# the curve of cross section 
will be a planar curve lying in the XY plane of -tiie local 
co-ordinate system. In such a case# the z^^ component in 
Bq, (5,3) will be ze3ro, 

5,2,4 Cross Section of the Duct 

From Bqns. (5.2) and (5.3), the generic point 


r = 


— 



■■■" ' 


' 

n 

3. 

X 

b 

^x 

t 

^x 

r 


cS 

n 

V 


y 

r 

"y 

1 


^cs 

n 

^z 


t 

^z 

1 

r 

j 

i 

j 

^cs 

0 

0 

0 

1 


1 

-J 


(5.4) 
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Since n , 


-a ' ~a -a vector functions of para- 


meter and and are functions of © and 

e^g / -the geometry of the cross section of the duct is 


governed by the value of ©^. 
5.3 Development of Duct 


The portion of the duct between two cross sec- 
tions can be approximated to a conical convolute cons- 
tructed with the curves of these two cross sections act- 
ing as directrices. Depending upon the proximity of these 
two cross sections and the complexity of the geometry 
of the duct the accuracy of approximation will vary. If 
the variation in the shape and size of the cross section 
of the duct is not very abrupt and if the cross sections 
are close to each other, the approximation is better; 
otherwise it is poor. So depending upon the accuracy 
required and the complexity of the geometry of the duct, 
the duct is divided into a number of parts by planes 
passing through cross sections of interest along the 
duct. Each portion of the duct can be approximated to a 
conical convolute and then the entire duct can be consi- 
dered to be a series of such convo lutes put together as 
shown in Figure 5.2. The development of the duct is then 
achieved by developing these convo lutes individually. 
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5,3.1 Series of Co nvo lutes 


If a duct is approximated by a series of 
number of convolutes then the intermediate cross-sectional 
planes will be (n^ - 1). Consequently^ there will be 

+ 1) points along the centre line of the duct includ- 
ing the starting and end points. Let them be named as 
0 ^^^ , Kd = 1, 2, 3...... (n^ + 1). The suffix kd corres- 
ponds to the serial number of the crass section under 
consideration, starting from the beginning of the duct. 
Let 

, kd = l,2,3/.»./ ^^(5 

■"^•kd 

be the position vectors of these points 0^^ . Then 

®a, . , the value of the parameter © corresponding to 
these points 0^^^ can be found out from Bqn. (5.1) defin- 
ing the centre line of the duct. If the complexity of 
the geometry of the duct permits equal division of the 
range of the parameter, then 


e 

^■kd 


0 + 
^s 




In all cases. 


0 = 

ai ag 

e < e < 6^ l< < {“a + 
^kd ^f 


A 

^(n^ + 1) 



(5.5) 


(5.6) 
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so that the entire duct from the starting point to the end 
point is approximated by a series of convolutes. Let 

^ ~®3<d “^kd tangent, normal and bi -normal 

vectors corresponding to the point 0 

kd 

Also let the vector function 


"kd 


X (0 
cs a. 


kd 


/ 


cs 


cs a^^^ cs 

„ / © ' ) 
z ai j cs 

cs kd 


(5*7) 


th, 

define the kd cross section of the duct (refer to 
Bqn. (5.3)) in local co-ordinates. Then in global co- 
ordinates, the kd^^ cross section is given by (refer to 
Eqn. (5,4)) 


£kd 


n 

b 

®kd 

X 

t 

^kd 

X 




n 

b 

^kd 

y 


1 



n 

^kd 

z 

b 

^kd 

z 

t 

^kd 

2 


^cs 

^®kd 

0 

0 

0 

1 


1 

' ■ 



— 

L_ -J 


(5.8) 


Considering two such curves of adjacent cros^ 
sections a conical convolute can be constructed. Each 
curve of the cross section except the first and the 
last one serves as primary as well as secondary direc- 
trix. What is secondary directrix to one convolute wijl be 
the primary directrix for the next convolute as 
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orte proceeds along the duct from the starting point. 

The first curve acts as primary directrix to the first 
convolute only and the last cuive acts as secondary 
directrix to the last convol^lte only. So for the jth 
convolute, jth and (j+l)th curves act as primary and 
secondary directrices respectively; j varies from 1 to 
n^. Thus from the (n^ + l) curves of cross sections, 
n^ number of convolutes can he constructed. These form 
the series of convolutes which put together is the appro- 
ximation for the geometry of the ideal duct surface. 

5.3.2 Algorithm for the Development of Duct 

It can be seen that the spatial configuration 
of all these conical convolutes are specified as per 
definition (B) given in Section 3.3.2, The development 
of these convolutes can be carried out as per the algo- 
rithm given in Section 3.4,8. The algorithm for the 
development of the duct is given below. 

Step 1 : Read the values of , ©^ and n^ , Also read 

s f 

the details of the function defining the centre 
line of the duct. 

Step 2 : Read the details of the function(s) defining 
the cross section of the duct. 

Step 3 : Depending upon the complexity of the duct 
fix the points 
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°kd ' (n^ 4 1) 

along the centre line of the duct. Find from 
Bgn, (5.1) the corresponding value of © ; or# 

•4= 4.V, ^ 

ir t:ne irange of parameter can be ecjually divided/ 

then find the value of from Bgn. (5.5). 

^kd 

Step 4 ; Set j = 1 . Corresponding to. © , calculate the 

a . 

j 

vectors r (if not already known), t # n 

j -a^ -a. 

and b . Also calculate the vector Vr . Mow 
3 "j 

the details of the primary directrix for the jth 

convolute are available. 

Step 5 : Similarly corresponding to © calculate .the 

^j+1 

vectors r (if not.alreadv known)# t # 
“®j+i "^j+i 

n , b and r. , The details of the 

^j-ti ^j+1 i+1 

secondary directrix for the jth convolilte are 
now available. 

Step 6 : Carry out ohe development of the jth convolute 
as per the- algorithm given in Section 3,4.8, 

Step 7 : If j = n^ , stop. Otherwise set the details of 
the secondary directrix of the jth convolute as 
the details of the primary directrix of the 
(J + l)th convolute. Set j = j + 1. Go to 
Step 5, 

While following the above algorithm# the values 
of the parameter for a curve of cross section may be 

C. o 
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choosen in any one of the following two wayss 

(i) The set of values of used for a curve is the 

same whether it acts as primary curve for one 

convolute or as the secondary curve for the 

preceeding convolute. Thus the generic points 

along the curve are fixed as per the condition 

of developability when the curve acts as secondary 

directrix and the same points are used when the 

curve acts as primary directrix for the next 

convolute. Here the set of values of 9 differs 

cs 

for different curves, 

(ii) The same set of values of 9 is used for all 

O o 

curves when they act as primary directrix. Thus 
the set of generic ^ints considered along a 
curve when it acts as primary directrix are 
different from the set of generic points obtained 
as per condition of developability when the . ■ 

curve acts as secondary directrix. 

Depending upon the situation, any one of the above methods 
can be used to fix the set of values of 9^^ for the 
various curves* 

5.4 Case Study 

Based on the algorithm given in the previous 
section, a computer programme has been developed. In 
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the progiraiinine/ the details about the centire line of the 
duct and duct cross section are read through subroutine. 
Also tne calculation of the position vector of a point 
on the centre line of the duct and the first and second 
derivatives at that point are calculated by a subroutine. 
The calculation of the details of the cross section at 
that point is done by yet another subroutine. Thus the 
programme is a general one and can be used for the deve- 
lopment of a duct of a given centre line and cross section 
by suitably changing these subroutines and the relevant 
common, dimension and type declaration statements in the 
main programme. To illustrate the method two examples 
are presented here. 

5,4.1 Example 5,1 : A Planar Duct 

The duct considered here is a planar one ire£eT 
to figure 5.1). The centre line of the duct is a spiral 
and the cross section of the duct is circular in shape. 

The size of the cross section changes along the duct; 
from a given size at the starting point it reduces to 
zero at the end, in one complete rotation along the spiral. 
The duct is similar to the volute casing of hydraulic 
turbines and centrifugal pximps. 

Let the centre line of the duct be in the 0-XY 
plane. Let a^ be the radius of the circular cross section 
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at the start. Then at any point along the duct, the 
radius of the cross section is given by 

a = (1 - © /27T) 0 < © < 2 TT (5.9) 

CL 0 . "" 

where is the parameter of the centre line of the duct. 
Let the generic point on the ceiitre line of the duct be 
given by 


I 

i r_ cos e 
I 2 a 

r„ sin © 

2 a 

(5,10) 

0 


where 

= r^ + aQ (l - ©^/2JT) . (5.11) 

Here r -2 is the distance of the generic point from the 
origin 0 ; at the starting point of the duct r 2 - 
and at the end point r 2 = r^. The tangent, normal and 
bi-normal vectors to the centre line are shown in the 
Figure 5,1. Also the cross section of the duct at the 
generic point is shoi^rn in the figure. A generic point 
of the curve of the cross section is given by 



—a 




a cos ©^^ 
cs 

a sin ©^^ 
cs 

O 


0 < ©^„ < 271 
— cs "" 


(5.12) 


1 
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with respect to the local co-ordinate frame for the 
curve. 

The following data is to be given as the input 
to the programme: 

(i) the starting value of the parameter 0,0 , 

0. 0 

s 

(ii) the final value of the parameter © , © , 

0 0j^ 

(iii) number of parts ipto whidi- the duct is to be 
divided, n^ , 

(iv) the value of r^ and 

(v) the value of a^ . 

The actual data used in this example is 

(i) 9^=0 

^s 

(ii) © = ■2tx 

af 

(iii) = 12 

(iv) r^ = 5.0 and 

(v) aQ = 1.0 

Of course always =0 and ©^^ = 2n . But if only 

a part of the duct (from the starting point corresponding 

to © =0 to' some point corresponding to a value of 

a 

© < 2 7T ) is considered, then the value of © can be 

^f ^ 

suitably given. 
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There are totally 13 cross sections, the details 
of which are m Table 5»1,^ The input data for the 

various convolutes can be obtained from this table. The 
series of convolutes which is the approximation to the 
duct is shown in Figure 5.2. The serial number of the 
various cross sections and convolutes are given in the 
figure. The development of the various convolutes are 
given in Figure 5.3. 

5.4.2 Example 5.2 : A Duct in Space 

A duct in space is considered here. The centre 
line of the duct is a B'ezier curve defined by [l2] 

(Sg) = (1 - + 36^ ‘I - Si 

+ 3©^^ (1 - e^) £2 + (5.13) 

wh ere 

rQ * position vector of starting point of the B'ezler 
curve, 

r^ = position vector of the end point of the B'ezier 
curve, 

r^^ = position vector of a point on the tangent to 

the curve at the starting point and 

£2 = position vector of a point on the tangent to 

the curve at the end point. 

The range for is from 0 to 1, 

a 
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Fig. 5. 2 Series of conical convolutes. Approximation 
for the duct. Example 5.1. 










Convolute 10 Convolute# II Convolute#l2 

% 

Fig. 5.3 Development of the series of conical convolufes 
Example 5.1 . 
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The cross sections of the duct at the starting 
point and at the end point are taken to be a circle and 


a super-ellipse respectively. Since circle is a parti- 
cular case of a super -ellipse, the cross section at any 
point, from the starting point to the end point, can be 
expressed as a super-ellipse defined by 

I a cos^'^^ © 


-cs 


cs 


b sin^^'^ © 


cs 


(5,14) 


0 

1 


in local co-ordinates of the cross section. Here the 
semi -major diameter a, the semi-minor diameter b and 
the power index n are to be controlled by the value of 
© , They can be expressed as functions of © and their 

oL 3. 

values at the starting and end points of the duct. Thus 


a = (Eq , ag , S^) 

b = f^ (bQ , b^ , ©g) (5,15) 

n = £3 ("o . 

where f. , f^ and f _ are functions which can be formula- 
ted to suit the nature of variation in shape and size of 
the cross section along the duct. The subscripts 0 and 
f are used to indicate the starting and end points 


respectively 
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The input details required ares 

(i) the position vectors of the four points 

' ^2 ^3 "defining the B'ezier curve, namely 

, £1 , ^2 and r^ , 

(ii) the values of a^ , , a^ , b^ and , 

(iii) the three functions f^^ , f^ and and 

(iv) the manner and the number of parts, n^ , into 

which the duct is to be divided for the purpose 
of development. 


Once the three functions f^ , €2 and f^ are defined, the 
relevant subroutine to find the details of the cross 
section of. the duct corresponding to a given value of the 
parameter 0 ^ can be written. 

Following input data is used in the example 


presented here: 




— — , 



i 0.0 

1 

• 

CSl 

5.0 

5.0 

1 

0 :,0 

0.0 

2,5 

5.0 

0.0 

0.0 

; r,= 

^ 5.0 

- 5.0 

1 

1 1 

1 

1 

1 

U i 

— 

1 _ 

i ■— 


Hq =0,5 f bQ =0,5 r ^Iq = 2 
= 1,0 ; b^ = 0.6 ; n^ = 4 

= 5 ; the range of parameter is to be divided 


equally 



150 


functions 

, fj 

and f^ 

are 

choosen to be 


*1 = 

a = Sq 

+ ( a^ — 


e 

a ' 


^2 = 


+ (bj - 


®a ' 

(5.16) 

*3 = 

II 

a 

+ - 

ng) 

®a • 



This means linear variation of a, b and n mth respect 
to the parameter 6 , 

The values of the parameter © considered here 

a 

are 0,,.0.2/ 0,4, 0.6, 0,8 and 1,0. The details of the 
corresponding cross sections of the duct are given in 
Table 5.2, The centre line of the duct is shown in 
Figure 5.4. The points ' ^1 ' ^2 ' ^3 
B'ezier curve and the points along the centre line corres- 
ponding to the choosen values of © are also shown. The 
cross section of the duct at various points along its 
centre line are shown in Figure 5,5, The development of 
the super- conical convo lutes which are the approximations 
of the parts of the duct are shown in Figure 5.6. 





Fig. 5. 5 Cross sections of the duct in space . Example 5.2. 











1S5 



Table d. 1 'Oetails of Cross Sections of Planar Duct. Example 
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Chapter 6 


DEVELOPMENT OF THICK SURFACES 
6. 1 Introduction 

In this chapter the development of uniformly 
thick surfaces is considered. A thick surface can be 
considered to be a set of layers of thin surfaces. Out 
of these thin surfaces, a mean surface can be considered 
such that at any point on it the top and bottom layers 
of the thick surface are at equal distance. The mean 
surface thus divides the thick surface into two halves 
of equal thicknesses. Now each of these two slices can 
further be divided into a number of slices of uniform 
thickness. The set of surfaces that separate these 
slices from one another form the thick surface. Of course 
the top and bottom surfaces of the thick surface are 
also included in this set of surfaces. These surfaces 
are parallel to one another. 

Here the mean surface should be a developable 
ruled surface. All other surfaces in the set are also 
shown to be developable ruled surfaces. These surfaces 
are developed Individually and then these developments 



160 


are stacked together so that the development of the thick 
surface is obtained. 

6,2 The Set of Surfaces 

The set of surfaces which form the thick surface 
is shown in Figure 6.1. Let , E3 and be the 

end surfaces of the thick surface. These end surfaces 
bound the set of surfaces. The edges of the various 
surfaces in the set are the lines of intersection of 
these surfaces with the end surfaces. For example the 
edges of the mean surface are the lines of intersection 
of the mean surface with the end surfaces. 

Let h be thickness of the thick surface and 

s^ be number of slices into which each half 
of the thick surface is to be divided. 

Then the total number of slices is 2s^ and the total 
number of surfaces in the set of surfaces representing 
the thick surface is 2sj^ + 1. Let kt = 1, 2 , 3/..,^ 

( + 1) be the serial number for the surfaces. Let 

kt = 1 indicate the mean surface. The direction of the 
inward normal or that of the outward normal to the mean 
surface can be taken as positive. Then let kt = 2, 3/...^ 
(sj^ + 1) and kt = (s^ + 2), 3) »..•/( 2sj^ + 1) 

represent the surfaces in the positive and negative direc- 
tion respectively of the normal in the increasing order 
of distance from the mean surface. 




Fig. 6.1 Set of 


^End surface, E| 



surfaces . 
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Let , let = 1, 2,..., ( 2sj^ + 1) be the 
distance of the various surfaces from the mean 
surface. Ofcourse c^ = 0 since kt = l represents the 
mean surface. The distance is positive if it is along 
the positive direction of the normal to the mean surface. 
Otherwise it is negative. If the slices are of equal 
thickness, then 

c^ = 0 

Itl 

'"kt ” ' 2Sj^ (kt — 1) ht := 2,3, ..^Sj^ + 1 

1(6.1) 

^kt = (kt - s^ - 1) kt = (s^ + 2), 

(Sh + 3)/..., 

(2sj^ + 1) 

6,2,1 The Mean Surface 

Consider the mean surface S^. Since the mean 
surface is considered to be a ruled surface, any two of 
its edges can be considered to be its primary and secon- 
dary directrices. Let, for example, the lines of inter- 
section of the mean surface with the end surfaces and 
E 2 be respectively the primary and secondary directrices. 

Let r. . and r, . be the position vector of the 

—i , 1 “■ j , 1 

generic points on the primary and secondary directrices 
respectively. Here the suffix 1 stands for the mean 
surface and the suffices i and j stand for the primary 
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respectively. If and are 


and secondary directrices 

the parameters for the prlmaiY and seoondaiY directrices 
respectively, then the condition for the developablllty 
of the mean surface is given by 

dr . 


^ d©, 


X 


ILlI 


d©. 


^ • '-J,l - £i,l> ' ° • '6-2) 


1 '■ J - 

By solving the above equation for various values of ©., 

1 

the generatrices of the mean surface can be fixed. One 

such generatrix, P Q , is shown in Figure 6.2. The 
dr. ,, dr. ,, 

■JzjlI -Ulil 


tangents 


d0i 


and —^0^ t the unit normal to the mean 


surface, n^ and the unit vector g along the generatrix 
P^ are all shown in the figure. The unit vector g 
is the directional vector of the generatrix and is given 
by 


g = 


£l,i ~ ^i, i 


[(r. ,, - r- ,,).(r. i ~ r . 

“•J / X 1 ““ J / 1 — X/ X 


* ( 6 . 3 ) 


Also shown in the figure is a unit vector e which together 

with the vectors g and n„ form a right-handed system of 

s — s 

mutually perpendicular unit vectors. 

e = g X n • ( 6 . 4 ) 

_ 2. -s 


With the point as origin and the direction of the 
vectors g / and e as the X , Y and Z axes a local 
co-ordinate frame P,, - gn e can be considered. Simi' 
larly another local co-ordinate frame - 2£s2 
be considered. 
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6.2.2 Derivatives of Vectors g and n 
— — s 

The unit vectors g and n^ can be considered 
to have either 0. or 0 . as their parameter since ©. and 

j ^ 

©j are interrelated through the condition for develop- 
ability of the mean surface (Sgn. (6.2)),^ Differentiat 
ing the vector g with respect to and simplifying^ 


( 


<30. dr. 


1l1 


df, 


d© . d© . 
1 3 


d©. 


d© . dr. . dr. . 

)_ { ( 1 '*'■3/1 _ I ') rr I rr 


'd©^ d©^.. 


d©, 

1 




(6.5) 

From the above equation it can be seen that the dot 
product of dg/d©^ with g is zero and hence dg/d©j|^ and 
g are mutually perpendicular. Also vectors dr. ^/d©. , 
dr^ *3^ vectors in the g-e plane and 

are perpendicular to n , Hence dg/d©. is perpendicular 
to n . Thus the vector dg/d©. is perpendicular to both 

"***S ^ 

the vectors g and n , Hence it is along the vector + e 
_ — s 

depending upon the direction of the vector expressed by 
the numerator of Bqn, (6.5) (refer to Figure 6,3). 

Similarly the derivative of g with respect to 


the parameter ©j is given by 


ag 

d© . 
J 


dr. . d©, dr. dr. d©. 

^"d©^ " d^ d©. 

J J I. J 


d©. 


J 


1 

-5e/'-a * 2 


[(: 




21,l) 


(r. , - r. 


( 6 . 6 ) 
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and it is along + e depending upon the sign of the vector 
expressed by the numerator (of Bqn. (6.6)). 

Since the vector n^ is a unit vector, its deri- 
vative with respect to the parameter e. or ©. is perpen- 

dicular to it. Hence the vectors dn /d©. and dn /d© 

~s i — j 

are in the g-e plane. 

6,2.3 Other Surfaces 

Other surfaces in the set of surfaces are 
defined to be parallel to the mean surface at any point. 
Corresponding to the generatrix Q. of the mean surface 
there will be a straight line parallel to on each 

of these surfaces. These are the lines of intersection 
of these surfaces with the g-n plane and the distance 

•MB «M«0 

between them and the line P^ is the distance between 
the corresponding, surface and the mean surface. 

Consider one of these surfaces and let 
be the straight line on this surface which is parallel 
to the generatrix P^ of the mean surface (refer to 
Figure 6.4). Let P^^ and be the points of inter- 
section of the line P^ Q^.j. with the end surfaces and 
^2 I'cspectively . The distance between this surface and 
the mean surface is c^^ , Let 0^^^ - ^ 

local co-ordinate frame such that plane 

of the end surface and axis is normal to it. 
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Let 0-XYZ be the global co-ordinate frame. 


Let the position vector of the point P be 

let 

[x, y, z, l], [x^ / y^ , 0, i] and [x^, , 0, i] 

with respect to the three co-ordinate frames 0-XYZ, 

1 "" "^1 "^L 1 1 ^ ~ ^ s respectively. Note 

that point is on the plane; also it is on 

the g — n^ plane. Then considering the two co-ordinate 
frames 0^^ - X^^ Y^^ and - g £3 e , 



£•^1 

i 

: 

• 

m 

1 a 1 

£*^i 

(P-) ( 0 ^ j 

x^ 


ii 

I'-Q 

£s*\i 

£*\i 

(P.) (0,,) 

'£1,1 -£ 

(p.) (0..) 


0 

£•^1 

£s*^i 

£•^1 

0 

1 

i 

1 

L ° 

0 

0 

1 

1 1 

! < 


(P,) (0..) 

where r. . and r are the position vectors of the 

"*"3- /X 

points P. and 0, . respectively expressed in global co- 

1 Li X 

ordinates. In the above equation, to avoid confusion. 


vector sign is not used with Xj^^ , Y^^^ and although 
these are unit direction vectors along the axes / '^Ll 

and Z^^ respectively expressed in global co-ordinates. 

Now from the third row of Eqns. (6.7), 


0 = ( g.Zj^^) X* + ( 

But since the vector 


^t ^ “i,l “ - 


=0. 


(Pi) (03,1) 

^£i,l " ^ 


) is in the Xj^i Y^i 


plane 
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(r. 


(Pi) 

i/ 1 


r ).Zli=0 . 


So 


X' 




n 

— s 




2 * 


'kt 


(6.3) 


Now considering the two co-ordinate frames 

0— XYZ and cr n 0 

1 iL — 


I X 

( 

! 

I y 

I 

I z 

I 
i 

I I 


1 

1 

_ 

g.X 

n .X 

— s 

e.X 

(Pi) 

-1/ 1 

.X 


g.Zjii ^kt 

1 

g.Y 

n .Y 
— s 

e.Y 

.Y 


O 

ft 

= 




(Pi) 




j 

g. z 

i 

n . Z 

—S 

e.Z 

r. ^ 
-i,l 

.z 


0 

1 

. 1 

’ 0 

0 

0 

1 



1 

.1 1 

L 





L J 


( 6 . 9 ) 


Hence the position vector of point is given by 

(P]^t^ __(Pl) lig-ZLl ' ' 

-i,kt = -i,l “ g.Z^i ^t £ ^t £s * («*10) 

Similarly consider a local co-ordinate frame 

0^2 “ ^9 ^Ij 2 ^2 ^2 '^L 2 plane of the end 

surface and 2^^ axis is normal to it. Also another 
local co-ordinate frame Q. - g n e can be considered 
with the origin at Qi* Then the position vector of the 
point is given by 

(Qvt^ (Qi) n -2^2 
£jit =-£j,i - g?^^t £ + ^t £s • 

From Eqn. (6.10) it can be seen that the posi- 


tion vector of point is a function of the position 
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vector of point P,^, tte vectors g , n^ and and ' 
c^^.The vectors , g and all have 9. as the 

parameter. If the end surface E, is planar then Z. Is 

(P ) 

a constant vector. Hence the vector r. 1^5 has ©. as its 
parameter. Similarly the vector r . is a function of 

-j^l ' 2 ' Bg ' 2^2 since r^.^^ , g and n^ are 

vectors of parameter 9 . and since ZL.. is constant if - the 

-* (Q ) 

end surface E„ is planar one, the vector r. has 0. 

“J/kt j 

as its parameter. 


Similarly corresponding to each generatrix of 
the mean surface the vectors g , n^ and e can be obtained. 
Then the line of intersection of the g - n^ plane with the 
surface S^.^. can be obtained. The points of intersection 
of this line with the end surfaces and E^ can be 
obtained fixim Eqns, (6.10) and (6,11), Thus the lines 
of intersection of the surface S^.^. with the end surfaces 
E^ and E 2 can be obtained. The points and ®kt are 
generic points on these lines respectively (refer to 
Figure 6.4). It can be seen that the lines P^ P^.^. and 
□ l are the lines of intersection of the g-n^ plane ' 

with the end surfaces and E 2 respectively. 

6,2.4 Developabilitv of the Set of Surfacejs 

Differentiating the vector respect 

to ©^ , 
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^£i,xt 


-1/ 1 ^2 

‘®i ~ 5 -^Li dir + 'Tct 


ae^-\l.+Ss- 


' 2-^i> 


"^t 2 


(6.12) 


If is a constant vector, then = 0 and Eqn. (6.12) 

i 

reduces to 


'^-i^kt -s * ^1 

d9, - d©, “ Q ■ . 7 . ^kt d^ ^ 


*'S‘^l^^d©. * 


jlI _ -s • ^ 1 fL ^-S 
i ~ i * ^1 ^®i 

^-s 

d©T • - ^Sg • ^Ll^ ^di. * ^1^ 

X 

. ‘ 2 • 


'T^t £ 


(P. ) 

dr. . dg 

The vectors ■ " ' " ' , and 


(6.13) 


The vectors — f are all in the plane 

i i 3. ^^kt) 

g - e (refer to Section 6,2,2), Hence the vector dr^ kt/d© 

is acting in a plane parallel to the g - e plane. 

Similarly the derivative of the vector 
with respect to- tho parameter ©j is given by 


dr.. 


(Q.) 

dr..\ 


Bs-^2 


g .2^2 =ict ae =kt asj 


dn dZ^o ' 3 g <2Z^2 v 

‘£•^2’ 'deJ-^2 +2s • aey>-'Ss-^2’<ae^-^2+ 2-“asJ> 




... (6.14) 
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and if Zl 2 a constant vector (i.e. end surface E, 
is planar), then 


(Q,) 

dr,.^. 






^^*^2^ ^d©j*^2^“^-s*^2^^d|“*^2^ 

A r.. ^2 '^ktS 


(6.15) 


(Q^^V (g.ZL^)^ 
dr. 3^^ 

The vector — gg — is also acting in the plane parallel 

j 

to the g - e plane. 

, ^ ^£.1 v - t - 

^^kt line and the vectors ■ and 

dr. 3^^ 

— 4 ^ — are all in a plane parallel to the g - e plane. 

Thus these three vectors (r^ 3^^ - r^^ ^3.), dr^ kr 

^03--) ' ' ' (P3.3.) 

dr^ kt/^®j co-planar. Since the vectors r^i^ 3,^ and 

v+- have respectively 9 . and 0. as their parameters, 

T] / jau 1 j 

the vectors dr^^ 3^3. / d©^^ and drj^3^3. / d©j are the 
tangents to the lines of intersection of the surface 

83.3. with the end surfaces and E2. Hence the line 

^ht ^kt considered as the generatrix of the surface 

33.3. and the condition for developability is satisfied. 

Thus this surface 83^3. is a developable ruled surface. 

The lines of intersection of this surface with the end 
surfaces and E2 are hence the primary and secondary 
directrices for this surface. 
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Similarly all the other surfaces in the set of 
surfaces can be shown to be developable ruled surfaces 
and the lines of intersection of these surfaces with the 
end surfaces and E 2 to be respectively the primary 
and secondazry directrices of the concerned surface. 

Prom the above-mentioned points, it can be seen 

that 

(i) if the mean surface is a developable mled 

surface, all other surfaces are also developable 
ruled surfaces, 

(ii) if the lines of intersection of the mean surface 
with the end surfaces E^ and E 2 are respectively 
the primary and secondary directrices for the 
mean surface then the lines of intersection of 
the other surfaces with the end surfaces E^ and 
E 2 are respectively the primary and secondary 
directrices for the surface concerned, 

(iii) generic points on these primary and secondary 

directrices are given by Bgns. (6,10) and (6.11) 
respectively; Of course the following conditions 
are to be satisfied. 

2-^1 ^ ° 

and ( 6 . 16 ) 


2 * ^2 ^ 
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These conditions imply that the generatrix does 
not lie on the end surfaces and respec- 
tively. 

In case the generatrix is perpendicular 
to the end surface E^ , then = g and hence 
Eqn. (6.10) reduces to 

^i.ht =£i,i +Ckt£s * 

Similarly when the generatrix is perpendicular 
to the end surface = g and 

(Q^^.) (Q^) 

-JAt=£j,l + '=kt2s _ (6.13) 

For a given position of the generic point 
of the primary directrix of the mean surface, 
the position of the generic points of the primary 
directrices of other surfaces is given by the 
line of intersection of the g - plane with 
the end surface E^. Similarly the generic points 
on the secondary directrices of all the surfaces 
lie on the line of intersection of the g “ £g 
plane with the end surface E 2 . 

(iv) the parameters for all the primary directrices 
are the same ©j_ as for the primary directrix 
of the mean surface. Similarly all the secon- 
dary directrices have the same parameter 
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Corresponding to a particular generatrix of the 

mean surface defined by a pair of (©^ , 6^) 

values/ the generatrices of all other surfaces 

are also defined by the same pair of (©^ z ©j) 

values. Hence once the developability condition 

is satisfied for the mean surface and a set of 

(©. / ©.) values fixed/ the same set of (©. , ©.) 
^ j ^3 

values satisfies the condition for developability 
for all other surfaces. 


6.2.5 


and 


Arc Length 

Eqns. (6.10) and (6.11) 
~i/kt = ^i/ 1 '^kt -i 


can be rewritten as 

(6.19) 


£ j / kt “ - j / 1 


^t 


where 


V. 


^ s -^1 

E*^i 


g + Bs 


(6v20) 


( 6 . 21 ) 


and 

-s'\.2 _ . ^ . (6.22) 

V . = —“5 — g + £o 

*“7 E*^2 " ^ 

The vectors v^, and v^ are not unit vectors. They are 
along the lines of intersection of the £ “ Bg with 

the end surfaces and E 2 respectively. 

The first derivative of with respect to 
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the parameter 0^ is 


<3r 


-i/kt 


i/kt 


<301 


as, '^t dS. 

1 1 


+ ^t 


(6.23) 


Here the <3ot above the vectors in<3icate their first c3eri- 
vative with respect to ©i* The rate of variation of arc 
length of the primary directrix with respect to ©i is 


• / * * 1/2 
^i,kt “ ^ -l,kt * -i^kt'^ 

Substituting for 

®i,kt = ^fi,i • ii,i + + 

-4. V V ) (6.24) 

'^^kt-i-i^ 

The arc length of the primary directrix is obtained by 
integrating the above expression. Note that for a given 
value of 0. / r. . and v. are constants and hence 

X “*^1 /X 

is a function of c^i.. 

6.2,6 Magnitude of Geo desic Curvature 

The second- derivative of respect 

to ©. is 
1 

Xi^lct “ ~i/l ^ ^t — i 


(6,25) 
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where the two dots above the vectors indicate their 
second derivative with respect to 0^, The kb 
vector for the primary directrix is given by 




%,ht ^ £i^lct 
i 3 


and substituting for and 

kt. = £i.i ^ £i.i ^ °kt<£l.l^A4^ „ > *4t 

^^kt -1,1 • -i ^t -i • Xi)3/2 

• . . . ( 6,26 ) 

The magnitude of geodesic curvature is k v-t-«n_ • 

yi,kt “S 

For a given value of 6^^ , the curvature 

hence the magnitude of geodesic curvature are functions 

'Tcf 

6.2.7 Development of the Individual Surfaces 

From the Eqns. (6.19) to (6.26) it can be seen 
that all the expressions required for the development 
of the individual suirf aces can be obtained once the 

vectors r^^ ^ ' £j,l ' -i “3 

development of the mean surface is first to be carried 

out and the vectors j ' -j#l * ”i "j 
calculated for various values of ©£. The Q.jvelopment 
of other surfaces can then be accomplished knowing the 
above vectors and the distance between the mean 
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surface and the surface under consideration. Note 
that all these surfaces (including the mean surface) are 
developable ruled surfaces with two directrices and that 
the development of these surfaces can be carried out as 
indicated in Section 2,6, with a modification that the 
condition for developability is satisfied for the mean 
surface only and the set of (9^^ , ©j) values are found 
which satisfy the condition for developability for other 
surfaces also. 

6.3 Stacking of the Developments of Individual Surfaces 

Stacking of developments of individual surfaces 
is carried out by taking the development of the mean 
surface as reference and stacking the other developments 
with respect to it. The co-ordinates of the generic 
points on the development of primary and secondary direc- 
trices of other surfaces are expressed in terms of the 
co-ordinate axes of the development of the mean surface. 

Consider a co-ordinate frame 0^^ - 

where 0 , is the origin of the development of the 

surface and and are tdie x and y axes of 

the development, oie axis is perpendicular to the 

plane of development. Let t ^ ScBo.. unit 

ici: 

vectors along the X . , Y. and 2^ axes. Here ^ 

^Ict let 

is the unit tangent vector to the prlinary alreotrix of 
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the surface at the starting point and n^, is the 
unit normal to the surface at that point. The vector 




IS 


kt 


given by 




kt 


= ^ ''in 

^kt ^kt 


(6.27) 


Let the co-ordinate frame for the development of the mean 


surface be O, - X 


y, Z, and the corresponding unit 
1 1 


vectors be ^ 


e- and ru . 

■^1 -^i 


Then the co-ordinates of 


the development of the surface 


\t ' 


■"kt 


/ 0, i] 


can be expressed with respect to the co-ordinate frame 


0,' - X, y, 

ai a^ 


as 




io ‘io 

^kt 

. *io. 

kt 1 


, °kt 

(r 

, °kt 

(r 

(o j 

io, . 

kt 1 


Xt'^1 

io 

^kt 



, °kt 

(£ 

0 

0 

0 

1 


£ )-io. 

( 0 , ) ■ 

^°d ^ ■ 

1 

£ )*A5. 


"d 


kt 


"kt 


o 


_j 


(6.28) 
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where r and r are the position vectors of the 

points 0^^^ and 0^^ , which are nothing but the generic 

points on the primary directrices of the surface S 

kt 

and the mean surface at the starting point. Prom Eqn, 

( 6 . 10 ), 


(0^ ) (0 ) 
°kt 

r - r 


~s*^l 


rizT + ^tSs (6.29) 


where the vector n is nothing but the vector ru . Let 

1 

the vector g in the Eqn. (6.23) be written as g^ . Since 

all the surfaces are parallel surfaces, n^ = n^ . Then 

~^kt 


Eqns. 

(6.2 

^ 

p 







1 

1 


^0 -io ^ *io 0 

kt 1 kt 1 




'^t ^0 *-0 
kt _o^ -o^ 


2oi*^l 

£q ^ “ g . Z, . *^t 2o . ^ 

^kt 1 kt 1 EDj*^l 1 1 


(6.30) 

Prom the above equations it can be seen that 
always. This is because the surface and the mean 
surface are parallel and are at a distance c^^ from one 
another. So not only the two surfaces but also their 
developments are parallel and are at a distance c^^^ from 


one another 
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The developments of all the surfaces are stacked 
with respect to the development of the mean surface usinp 
Bqn* (6.30). These are parallel to one another and 
their distance from the development of the mean surface 
is the same as the distance of the respective surface 
from the mean surface. 

6.4 Algorithm for the Development of Thick Surface 

The algorithm for the development of a thick 
surface is given here. The primary and secondary direc- 
trices for the mean surface are not defined here speci- 
fically. The end surfaces and E 2 on which the primary 
and secondary directrices of the set of surfaces lie 
to be planar surfaces. 

The location and orientation of the two end 
surfaces E^ and E 2 are specified, i.e. the 
local co-ordinate frames 0^^^ - 
and 2^2 specified. 

The primary and secondary directrices of the 
mean surface are specified. 

The thickness of the thick surface, h, and 
the number of slices into which each half 
of the thick surface is to be divided, , 
are assumed to be given as input parameters. 


are assumed 
Step 1 : (a) 


(b) 


( c) 
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(d) The ntimber of positions of the generic point 
of the primary directrix, N, is given. 

Step 2 ’ Calculate 

‘^ht ^ = i/ 2 ,...., i2s^ + 1) 

(refer Sec. 6,1). 


Step 3 • The development of mean surface is to be carried 
out first. So kt = 1. First set K = 1* 


Step 4 : Fix the value of ©^(K), Prom the condition for 
developability of the mean surface find the 
corresponding value of ©j(K). Calculate the 
vectors g(K) and n^(K)« Calcu- 

late the vectors v^(K) and Vj(K) from Eqns.(6,21) 
and (6,22). 

Step Calculate the arc length of primary directrix, 

and the magnitude of geodesic curvature. Calcu- 


late the co-ordinates of the ends of the gene- 
ratrix in the development of the mean surface. 

Let then be [x, (K), (K)] and [x^ ^ CK), 

^i,l i/1 

(K)]. 


'd 


J/1 

step 6. If K > 1, go to step 7. If K = 1, note down 

the values of the vectors n^ , Jo 3"'^ S 3 • 

11 J- 

Also calculate the vector • 

1 

Step It If K = N, go to step 8. Otherwise set K _ K + 1 
and go to step 4. 
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£be£_8j. Calculate the first and second derivatives 

of the vectors v.(K), K = i to N, with respect 
the parameter ©^. 

S'tep, . 9 ,:.. The development of other surfaces is to be 
carried out now. Set K = i. 


Step 10 : Set let = 2 

Step 11 : Calculate the vectors r. . .(K) and r. ^(K) 

X f Jv*C. J / jCl. 

from Eqns. (6.19) and (6.20). The vectors 

— i/1^^^ ^^^<3 rj^^(K) and the distance are 
known. 

Step 12 : Calculate the tanqent vector ir. , . from Eqn. 

*^X f K*C 

(6.2 3) and from this calculate the unit tangent 
vector to the primary directrix (of the surface 
Sj^^) . Also calculate the vector r^ (Eqn. 
(6.25)U 


Step 13 : Calculate the arc length and the magnitude of 

geodesic curvature using Eqns. (6.24) and (6.26) 
respectively. Then calculate the co-ordinates 
of the ends of the generatrix under considera- 
tion in the development of the surface i.e. 

[x, (K), y^ (K)] and[x^ (K), y^ (K)]. 

°i,kt °i,kt _ J#^t l#kt 

Step 14: If K > 1, go to Step 15. If K = 1 , note down 

the value of t^ . Also calculate the value 
~^kt 


of 


kt 
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~ 2s^+l, go to Step 16, Otherwise 
kt = kt+1 and go to Step 11, 

Step 16: If K = N, go to Step IT. Otherwise set ] 
and go to Step 10, 

Step 17 : Calculate 


Step 18: 
Step 19 : 


Step 20: 





Set kt = 2 


Calculate 

^5 = ""l 
^6 = 


1 

1 

1 


" ^kt 1 

lUg = 1^2 Cy.^ 

Set K = 1 


Step 21; Calculate 


X 


dm. 


i,kt 


= "3 -a,, " "4 


■dm, 


i,kt 


(K) = X , (K) + 1^7 Ya. 

° i,kt 


(K) 


kt 


set 

= K+1 


+ ^5 

+ IHg 


Gontd. . . 



13S 


X 


y, 


dm, - ^3'^a. (K) + m y (k) + 

3,^t “* j,l<t 

dm, = '^6 + ^7 Yfl Ck) 

j,kt 


j.Kt ° «j,]ct 7 "d, + =^3 


Steg__2^:If K _ K, go to Step 23. Otherwise set K = K+l 
and go to Step 21, 

Steg_2_3:If ht = (2Sj^+l), go to Step 24, Otherwise set 
kt = kt + 1 and go to Step 19. 

Step 2 4 : Set for K = 1 to N 

^am, = ^d. 

1,1 1,1 

(K) = (K) 


^^i,l 


1,1 


^dm. =^d. 

J, 1 J, 1 

yam. 'K) = Ya (K) 
J , 1 J / 1 


6,5 Egually Thick Surfaces in Series 


Consider two equally thick surfaces TS^ and 

TS 2 . Let (refer to Figure 6,5). 

(i) each one of them have a mean surface, called 

S. , and S„ , respectively, which is a deve- 
1/1 / 1 

lopable ruled surface. The first subscript 
corresponds to the thick surface and the second 
one indicates the mean surface (refer to 
Section 6,2) 

(ii) each of the thick surface be considered as a 
set of equal number of surfaces 



1B7 



Fig. 6.5 Equally thick surfaces in series . 
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(iii) corresponding to each surface in one set, there 
be a surface in the other set such that the 
distance between the surface and the relevant 
mean surface is the same* For example if there 
is a surface ® 2 ,]<t ^ distance from the 

mean surface ■!_ "the thick surface TS^ then 
there is a surface at a distance c^^ from 

the mean surface S2 ^ in .the thick surface TS2, 

(iv) these corresponding surfaces of the two sets 
meet along a line* For example the surfaces 


"^1 kt '^2 kt along a line Simi- 

larly the top surfaces of the two sets meet 
along a line, the bottom surfaces along another 
line, the mean surfaces along etc, 

(v) the surface containing these lines be the common 
end surface for the two thick surfaces TS^ and 
TS2. Let it be called . 


Suppose the line D2 ^ can be considered as one 
of the directrices for both the mean surfaces 


S2 Consider the line D2^^ to be the secondary direc- 

trix for the mean surface ^ and to be the primary 


directrix for the mean surface ^2,1* 


Let the line of 


intersection of the surface ^ wiih the end surface 


Ej be the primary directrix for . S^^^ 
secondary directrix for the surface 


Similarly the 

, is the line of 
2,1 



Let these 


intersection of S» . with the end surface E 

^ 3* 

lines be called ^ and ^ 3 ^ ^ respectively. Let ^ © 
and 0 ^ be the parameters of the lines ^ ^^nd 

^ respectively. 


6,5.1 Point on the Common End Surface 


Let be a generatrix of the mean surface 

^ (refer to Figure 6.6), Let 

(i) £2 unit direction vector along 


(ii) n be the unit normal vector to the mean 
”®1 

surface ^ 

(iii) e^ be the unit vector given by g x n^ . 

— 1 


Consider a local co-ordinate frame , 

Let P, . Q, . be the line of intersection of the g - n 

Ku Ku ** 1 

plane with the surface which is at a distance c^^ 

from the mean surface ^ point on the 

end surface and , Let 

(xi , ^ 0 , 1 ) be the co-ordinates of the point 

expressed in terms of the local co-ordinate frame 


”” 2.1 — s '—1 * 


Then 


^2,kt 


(Qj) 


= £ 2 / i 


(6.31) 


where 



generic point 


(Ql) 

£ 2 , X ~ position vector of the 

on the line D 2 ^ and 

~ 2^}ct ■" position vector of the point Q, , on 

the line P 2 ,kt ' line of inter- 
section of the surface with the 

end surface E-. 

(Q^) 

The vector £ 2,1 ' parameter. The vectors 

-1 ' O-X ®;{_ ^2 their parameter since 

and ©2 s^re interrelated through the condition for deve— 

lopability of the ssurface S .. 

1 # 1 

Lot be a generatrix of the mean surface 

S 2 ^ and let 

(i) g 2 be the unit direction vector along the 
generatrix ^x ^X ' 

(ii) n be the unit normal vector to the mean surface 
S 2 ^ and 

(iii) 02 be the unit vector given by ^ £ 3 * 

Consider a local co-ordinate frame - ^2 -a -2 * 

Let be the line of intersection of 

plane with the surface which is at a distance c^,^ 

from the mean surface ^ 2 ^^ • point is on the 

end surface E 2 and the point on the end surface E^. 

Let (X 2 , c^^ , 0, 1) be the co-ordinates of 
expressed in terms of the local co-ordinate frame 
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“ 22 -Sa • the position vector of Q^^ is 

given by 

(Q^t^ (Q^) 

— 2 , kt ~ ~2 , 1 ^0 2.2 + n . ( 6 , 32 ) 

2 

Th " vectors ^2 / ]Qg and _e 2 have 02 or ©.^ as their para~ 
meter since ©2 interrelated through the con- 
dition for dovelopability of the surface S- . . -The 

2/1 

point Q.j^^ lies on the line of intersection of the surface 
©2 with the end surface £ 2 * This line is nothing but 
the line D., . 

Correcr^onding to the generic point Q.^ on the 

line ^2 1 ' point on the line D 2 is when the 

* ’» 

surface TS^ is considered and . “let 

when the surface TS 2 is considered. The line ^ 2,1 
secondary directrix for the mean surface thick 

surface TS^. So the lines of intersection of the set of 
surfaces of the thick surface TS^ with the end surface E 2 
are the .secondary directrices of the respective surfaces 
(refer to Section 6.2.4). Similarly the lines of inter- 
section of all the surfaces of the thick surface TS 2 with 
the end surface E 2 are the primary directrices of the 
respective surfaces. So the line f*2,kt secondary 

directrix for surface and the primary directrix 

for Hence corresponding to the generic point 



generic point on is fixed whether 

thoi'c tvx^ lines ^ 2,1 and ^ 2 ,ht considered as primary 
directrices for the relevant surfaces in TS„ or as 
secondary directrices for the relevant surfaces in TS^. 


So the points and 
Hence 


^2 


21*22 

0 

ft 


2r2s2 

0 

i 

lV^2 

■ 1 


0 


are one and the same. 



“ 1*22 

0 


1 

X 

HV 

J 

n .n 
-^l 


0 


^t 

"“S ^ "“2 

“ 1*“2 

0 


0 

0 

0 

1 


1 




(6.33) 


From the third row 
0 


So 


X 


= x^ + ( £s^-e2 ) ^^t 

^t 


n #60 

1 il ‘-^2 


(6.34) 


Then Eqn. (6.5l) is rewritten as 


(“xt) <h> 

-2,ht “ -2/ 1 



^t 

... (6.35) 


This equation can be compared with Eqn. (6.11). Then 
it can be seen that the vector 03 . whida is normal to 
the. plane has replaced the vector 

(6.11). This is because the point is obtained 
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the 1 i rit n*- i nt. 


lyinq 

f roni i' ^ ^ 


ersection of the two lines, the line P 
plane and at a distance 


ir; thr. 2;[ “ 


kt ^kt' 


, r.nrj the line lying in the - n^ 


es on 


plrinr: r.nr-’ ,-iq n stance from .Thns it li 

the line of interr'ection of the two planes g. - n and 


i2 " 


Since the vectors g. , n^ 


, n and e« have ©_ as 

2 (Q.,.,) 2 


'■^kt^ 

parameter, the vector £ 2 ^^^ has ©2 as its parameter. 

Similarly X 2 in Bqn, (6.32) can be expressed 


2 "" 22 ’-Si 

and Ef|n. (6.32) can be written as 


(6.36) 


<Okt> <°1> -=2-l 

£ 2 ,Kt = ^ 


S:t 22 ^t -£ 


(6.37) 


2/1 9*2 *^2 

Comparing this ocfuation with Bgn. ( 6 . 10 ), it can be seen 

that the vector 0 ^ has replaced the vector . Thus 

the cu - n |"*lnno acts as the surface which the plane 
-1 ~.s^ 

intorsoct to get the point Here again 


22 


n 


n , Qn and e. can be considered to 

-32 -1 (Q«) 


since the vectors 

have ©2 as their parameter/ the vector £ 2 ^^^ has ©2 as 
its parameter. Any one of the two equations, Egn. (6.35) 
or Eqn, (6.37) can be used to find £ 2 ^ 3 ^-^ • 

The points and lie on the line ©f inter- 
section of the planes g^- £g^ E 2 “S 2 


6 . ^'.2 n n •’ j *; 1 r. n for I ntersection of g-n planes 

'fhA cy^n-lltion to be satisfied by Eqn. (6.35) 


is 


2i - ^2 ^ (6.38) 

Then onlv tfic txiint 0^^ can be located. Since 62 = 

g„ X n , the atove condition implies that 
~'’2 

g- . ( g,, X n^ ) ;^ 0 _ (6,39) 

Hence 

( i ) the three vectors t £2 and n^^ should not be 
co-p'^anar and. 

(ii) any two of these vectors should not be equal. 
Since g, and n are perpendicular to each other/ the 

second condition means that g^ ^ g2 or g^^ ”®2* 

again imp! ion that the vector g^ should not be in the 

gp - n,.. I’lane, 

~.*^2 

An exception to this condition is when the dot 
product n^ . 62 is also equal to zero. Then all the 
four vectors , n^ t ?2 -82 co-planar (refer 

to Figure 6.7a) ; the vectors e^ and 62 are equal. The 
tangent vector at is along Then the thir 

of Egns. (6,33) is of no use. From the second row of 

the Eqns. (6. 33) / 
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< 2 r 2 s, ( n „ , 


»:>0 


‘•'^1 


.n^ '\t 

’2 


■1 -~s. 


(6.40) 


Then the i-orition vector of the point Q is given by 


( r ) 

-?/kt 


kt 

(Q.) ^ - ^s -\ 

“2,1 IT^nJ" ^t 3.1 + '^kt Ss^ 

2 


... (6.41) 

Here nl r:o the following condition is to be satisfied. 


~1 


. n 0 

’■■'2 


(6.42) 


But if g. , = 0, then the vectors g. and are the 

**** A ’***»*.’» ^ "“X 

same. Then the vectors n and n are the same since 

-s^ -Sa 

the tangent vector at is common for both the surfaces 

S. . and Then 1 - n . n = 0 and the vector 

1,1 2,1 -s^ Sa 

^^kt^ 


-2 kt nivon by 


"2 , kt 


(Q.) 


(6.43) 


The other situation of g^ being along + 2s, 


and n^ acting in the 9[2 “ £3 
*^1 2 
Figure 6.7b), Then 


plane can occur (refer to 






i2,kt “^2,1 ± 'kt 2l + °Kt 2s^ 

depending upon = + tg * 


(6.44) 



1 § 2 ® 
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Similarly the condition to be satisfied by Eqn, 
(6.36) and the exception to it can be obtained by inter- 
changing the subscripts 1 and 2 in Eqns. (6.38) to (6.44). 

6 . 5. 3 Developability of Other Surfaces 

(Qv^) 

The first derivative of £ 2 ^^^ with respect to 
the parameter ©2 is obtained from Eqn. ( 6 . 35 ) as 


n^ • e,s 

“Si “2 


.(Q^^t^ .(Ql) 

£2,lct = £ 2 , 1 - -gjTiT- ^t 2i + ^kt 


(g..e«)(n^ .e^t .L) - (n 


= 2 ' -s^ -2 


s ^'-2 


is •%)(ai-S2-*Sl-S?> 


( 6 . 45 ) 

where the dot above the vectors indicate their derivative 

.(QJ 

with respect to © 2 . Since the vectors £2 1 ' ' ^s 

and g^ are vectors in the g. ~ e. plane (refer to Section 

-1 (Q )~l -1 

6 . 2 . 2 ), the vector £2 is in a plane parallel to the 
plane. The same conclusion will be arrived at 
even if Eqn. (6.41) or Eqn. (6.43) is considered instead 
of Eqn, (6.35). Since £ 2 ,^ 3 ^^ is having ©2 as parameter, 
to is the tangent vector at to line 1 ^ 2 , kt’ 




■2,kt 

Considering the surface kt position vec- 

(p ) ' 

tor, r of point Pv+. can be obtained from Eqn. 

— l#Xt: 

( 6 . 10 ) by considering the end surface E^. Following 
the reasons given in Sections 6,2.3 and 6.2,4 it can be 
seen that the tangent vector at , to line is 
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in a plane parallel to plane. Thus the line 

^ht ' tangent vectors at (to line and 

Q]<;t line i*2,kt^ ^ plane parallel to the 

*" plane. Hence the condition for developability 
is satisfied. Hence Pj,^ is the generatrix and lines 
^l,kt ^2,kt primary and secondairy directrices 


for the surface is the generic point on 

corresponding to the point P^ on Similarly and 

are the corresponding generic points on and ^ 


respectively. 


Similarly considering Eqn. (6.37)/ it can be 
proved that the line is the generatrix of the 

surface S 2 corresponding to the generatrix of 

the mean surface S 2 ^ and that lines D 2 and 
are respectively the primary and secondary directrices 
for the surface 

It can be seen that when two equally thick sur- 
faces are meeting along a common end surface/ csorrespond- 
ing to a position of the generic point of the line of 
intersection of the mean surfaces of the two thick sur- 
faces/ the positions of the generic points on the line 
of intersection of other corresponding surfaces of the 
two thick surfaces are obtained along the line of inter- 
section of the g - n^ planes of the two mean surfaces. 
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The value of the parameter for all these points is the 
same. 

Rest of the details is the same as for a single 
thicTc surface. For each of the thick surface, correspond- 
ing to a generatrix of the mean surface, the generatrices 
of other surfaces can be found and all surfaces proved 
to be developable. 


6,5.4 Algorithm for Development of Equally Thick 
Surfaces in Series 

A number of equally thick surfaces are in series 


such that 

(a) any two adjacent thick surfaces meet along a 
common end surface as detailed in Section 6,5# 

(b) the initial and final end surfaces of the thick 
surfaces in series is assumed to be planar and 


are defined and 

(c) the directrices of the mean surfaces of the 
thick surfaces are defined. 

Let there be nd number of thick surfaces in series. 
Let in general 

(a) TS^^ be a thick surface. 


(b) 


^d,l 


be the mean surface of 


the thick ■' surf aco 





20 r 


Cc) 


n 


'kd, 1 ^kd+1 1 respectively the primary 


(d) 


and secondary directrices of the mean surface 

^d, 1 

and be the end surfaces containing 

the directrices ^ and respectively#- 

hd = l,2,.,.,nd. The thick surfaces are developed one 
by one as per the algorithm given below. 

Step 1 Read 

(a) the thickness of the surface, h, 

£ 

(b) the number of slices into which each hal 
a thick surface is to be divided, Sj^ and 

(c) the nxjmber of position of the generic poi^ 
to be considered along a directrix, N, 

Calculate the distance of a surface 
from the mean surface 1 ' " 1/2,..., 

(2s^+l). 

Read tlie details of the directrix Also 

read the details of the end surface E^. 

Do the following steps for kd = 1 to nd. Set 

kd = 1. 

If M > 1 , go to step 6. If M = 1- read the 

details of the directrix 1 * 

If kd = nd, go to step 7, I£ bd < nd, read 

the details of the directrix ^\a+2,l * 


Step 2 


Step 3 

Step 4 

Step 5 

Step 6 
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Step 7 
Step 8 
Step 9 

Step 10 


Set kt = 1 
Set K = 1 

If l<d > 1, go to Step 11* If led = 1, go to 


Step 10. 

(a) Fix the value of 0j^(K).- Prom the condition 
for developability of the mean surface 

S. ^ find the value of ©-(K), 

(b) Calculate r^ ^(K) and "the position 

vectors of the K generic points on the 
directrices ^ and ^2,1* 

(c) Calculate r^ ^(K)# 

r (K) , Also calculate the unit tangent 

“■2 f 1 

vectors at these points. 

(d) Calculate the vectors g.(K), (K) and 

—j. 2 

e^(K) 


(e) 


Calculate 


v^(K) = - 


the vector 

glCK) 


g (K}+n (K)(6.46) 

_1 -s^ 


where ^2 -y^e vector normal to the end 


surface 

(f) If k'> 1 , go to step 11. If K = 1, note 
down the values of the vectors Crefer to 


Section 6.3) 


£0 ~ 2s . 

1 


( 1 ) 



step 11 


Step 12 


20 3 


2o^ = and 


- unit tangent ; Vector to the primary 

directrix D ■ 

1/1 

Also calculate ^ . 

■^1 

(a) Calculate the arc length of the primairy 
directrix ^ corresponding to &^^(K) 


9. 


(K) 


. 1/2 

•• <6-‘U 

Cb) Calculate the magnitude of geodesic cur- 
vature/ 

£m,i f*'’ 

k (K) = : — 

bd/l * -kd/1^^^^ ' 

(6.48) 

(c) Calculate the co-ordinates of the ends 

of the generatrix in the development 

[x, (K) , y, (K)] 

^kd/1 ^kd,l 


and 


(K)] 


[x, (K), y^ ( 

^kd+1, 1 "bd+l/ 1 

If kd = nd/ go to Step 14. If bd < nd, go to 


Step 13 
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Step 1 


3 (a) i- rom the cxindition for developability of the 

surface find the value of 

corresponding to the value of ©, , .(K). 

Tcd+1 

(b) Calculate ^ position vector 

tin 

of the K generic point on the directrix 


a 


l<d+2,l * 

(c) Calculate r,^a^j^i(K) , r^a^.2 _i(K) and the 
corresponding unit tangent vector. 


(d) Calculate the vectors g, j,.(K), n 

—KCl-M “"i 




’bd+1 


(K) 


(e) Calculate the vector 




“Sn._n ■ ' '•^d+1 


n (K). 


(K) 






(6.49) 

(f ) If K > 1, go to Step 15. If K, = note 
down the values of the vectors (refer to 
Section 6.3) 


Bo 


1 


iO. 


t"* 

Bo, 


= n (1)/ 

®kd+l 

= unit tangent vector to the prima3ry 


Also 


directrix • 

. a. ^ 

calculate ^ . 


Go to step 15, 



step 14 


Step 15 

Step 16 

Step 17 

Step 18 
Step 19 


Step 20 


20 5 


Calculate the vector 


V. 


■kd+1 


(K) = - - ^<3 ^2 


. Zl 2 -s, 


gv^(K) + n„ (K) 
kd 

(6. 50) 


Where Z.^ is the vector normal to the end E ^ 

nd+1 

If K = N, go to Step 16.. If K < N, set K = K+1 
and go to Step 9. 

Calculate the first and second derivatives of 
the vector v^^(K), K = 1 to N with respect to 

the parameter 

The development of the surfaces S^^ / kt = 2,3, 
(2sj^+l) of the thick surface TS^^ is to 
be carried out now. Set K = i. 

Set kt = 2 . 

"tlTL 

Calculate the position vector of the K generic 
points on the directrices and 

-kd,kt^^^ ^ ~kd,l^^^ ‘^t -kd^^^ (6.51) 

^d+l,kt^^^ ~kd+l,kt^^^ '^t ~kd+l^^^ ^2) 

Calculate the tangent vector 

£kd,kt^^> = ikd,!^^) ^ <^t ikd^^) 

and from this calculate the unit tangent vector. 
Also calculate 


^kd,kt' 




(6. 54) 
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S tep 21 


Step 22 


Step 2 3 


(a) Calculate ths^- arc length 








®kd,kt^^^^®kd 


where 

s. 


(6.55) 

■ (6.56) 


kd,kt^^^ ^ -kd,kt * -kd,kt 
(b) Calculate the magnitude of geodesic curvature 
k 


- (K)=.\c:b. (K) . n (K) (6.57) 

^kd,kt "^kd 


where 




^kd,kt^^^ ^ £kd/kt^^^ 


(6. 58) 


Calculate the co-ordinates of the ends of the 
generatrix in the development of the directrices 

°kd,kt ^d+l,kt 


and 


[x, (K) , y, (K)] 

'^kd/kt kd,kt 


[x, (K) , y, (*)]. 

°kd+l,kt ^d+l,kt 

If K > go to Step 24. If K = 1, note down 

the value of t^ , the unit tfngarit to the 
directrix . Also caloilate the value 

of 


^ict “ 



step 2 4 


Step 2 5 

Step 26 


Step 27 
Step 28 


Step 29 


iol 


If kt _ 2s^ +1/ go to Step 2 5, Otherwise set 
kt = kt + 1 and go to Step 19 , 

If K = N, go to Step 26, 0the2rwise set K = K+1 
and go to Step 13. 


Calculate 

n. 


5t 


">1 = - 


2 ^ 




= - 






5^ 

I 

^ So 






where 


Set kt = 2. 
Calculate 


if kd = 1 


- ^1 , 

= if kd > 1 


"3 = 


^ ‘in 


m. 


m 


1 




Xt- 


m- = 




m, 


8 


= S:t 


Set K = 1 
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Step 30 


Step 31 


Step 32 


Step 33 


Step 34 


Calculate 

(K) = X 




kt 


3 iK) + m y (K) 

^ ''kd.kt 4 "^kd.kt + m. 


kt 


(K) = ITlg x^ Ck) 


+ (K) 

kt “‘S 


kd,kt ' “‘7 m, 


X 


(K)= m„ X- (K) + m-, y- ? (K) + m_ 

.kd+l,kt ^ ^d+l,kt ^ 


'^"Vd+l^kt 

^dm, = “^6 ^d ^ "^d (K)-Hn 

°^d+l,kt ° °kd+l,kt ” \d+l,kt ® ; 


If K = N, go to Step 32, Otherwise set K = K+1. 
Go to Step 30. 

If kt = (2s^+l), go to Step 33, Otherwise set 

kt = kt+1 and go to Step 28, 

Calculate the following for K = 1 to N. 

X, (K) = X, (K) 

^^d,l ^kd,l 




(K) = y. (K) 


"kd^l 


X 


(K) = x- 


^^d+1, 1 "kd+1, 1 


(K) 


(K) = y, (K) 

^"^d+1,1 \d+l, 1 

If kd = nd. Stop. Otherwise set 
kd = kd+1 ■ 

■ _ r,* 

io^"^ Eo^ 
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t - t* 
^ +x 


Go to Step 5. 


6,6 Case Study 

Here the development of a thick super-conical 
surface is presented as Example 6,1. A computer programe 
as per the algorithm given in Section 6.4 is written taking 
into account the fact that the mean surface here is a 
super-conical convolute. The vectors r. . / f". . and 

f X ““1 / X 

r. . are given by Eqns, (3.8) and (3,12r) respec- 

••X f X 

tively (refer to Section 3.4,1). Subsituting for_f^^j in 
Eqn , (6.24) and rearranging the terms, the following 

expression is obtained for 


’i,kt 


(2/n.-l)Q 

(_£.) cos ^ i sin 


n. 

1 


(2/n^-l)^ 


i (Factors) 

(6.59) 


where 


2 

(Factors) = [(Factor. 1)^ 


(1-2/n^)^ 
(2-4/n, ), 


+ 2c^^(-f) cos ^ i sin 




i (Factor2 )‘ 


+ ^ i(Factor3)^] 


(6.60) 


The term (Factor D? is given by Eqn. (3.11) (refer to 


Section 3.4.1) and 
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(Factor 2)? = Li- t. a. sin ^ 


•I « - , 

k=l ^k,l ^ 


wn ere 


^k,2 ^ 


(Factor ?)f = "O'. , -O’. 

1 —i —1 


Si - "i, " 13 ) • 


+ t . b . CO s ” i X 


(2-2/n.)g i . 

k 


(6,61) 


For n > 2, when cos or sin equals zero, the vector 

f . , , ->£•.- since t. ^ . 

-d , kt -a ,1 “1/1 

In a similar manner the expression for the 
VcVi vector is obtained as 


V.)d 


sin 


( 1-4/n. 

i cos 


( 1-4/n. 


( 6) (6.62) 


(Factors) 


3/2 


where 


e = (n,-l) a. b. sin ©^ cos ©^ e^x 

(2-2/n.)Q_ 


"i - - 1 1 

n 


1 


i\2 Q rv>Q g-, [a^. sin 


^T<t 


(2-2/nPe^ 


+ b^ cos 


■£oX 


(2-2/n^)Q_ 


•2 — i 


'iJ 




+ [( 2 /n^ sin ©j_-l) a. sin =1 

(2-2/n^>Q^ 

+ c|- cos^ ©^-1) cos 

(2-2/n^)0^ (2-2/n^)e^ 


^n. 


+ 4t^ v' ® 


1 - • * 
■^.x V. 
—1 —i 


(6.63) 


COS 
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H ere 


( t , 

t. 

t. 


2,1 

^3,1 

(t. 


t. 

1/ ** 

^2,2 

^3,2 


VJhen cos or sin equals zero, for > 2 , the curva- 

tvirp vectx3r is obtained from Eqn. (3.13)^ since ir. ^ , 

6.6.1 Example 6_. _1 


^rhe input data about the geometry of the mean 

surface is given below 

Primary directrix; 


= I 'j 


a = 0.9 

b^ = 0 . 53 

n. = 3-1 
1 

X. = 0.0 


[mth^] 



- 0,463 

- O.B35 

0.293 

4.72 


0.60 5 

-i 0.0 52 

0.794 

8 . 52 

= 

.. 0.648 

0.548 

0. 530 

4.48 


0.0 

0.0 

0 

• 

0 

1 


Secondary directrix: 


a 


j 


b 


j 


n 


j 


1.0 

0.6 

3.2 

0.0 
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-• 0.447 

- 0.394 

0.0 

5.0 


o 

o 

o 

• 

o 

1.0 

5.0 

[mth .1 = 

3 

- 0.394 

0.447 

0.0 

5.0 


o 

o 

1 

o 

• 

o 

0.0 

1 

Thickness of 

surface, h 



• 

O 

)1 


NuTiber of slices into which eac±i 

half of the thick surface 

is to be divided/ Sj^ =2 

The orthographic views of the thick surface 
is shown in Pig. 6.8a. The development of the thick 
surface is given in Fig, 6,8b. 



TOP VIEW 



Fig 6.8 a Orthographig views of thick surface 
Example 6 . 1 . 




Chapter 7 


CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK 

The mathematical aspects about development of 
single curved ruled surfaces either with a single direc- 
trix or with two directrices are studied in Chapter 2 and 
suitable algorithms for the development of these types of 
surfaces are given in a general manner [ 32 ], In subse- 
q\ient chapters the development of super conical convolutes, 
helical convolutes, thin ducts and thick surfaces are 
discussed in detail. Suitable algorithms and few case 
studies have been given in each «hapter. 

7.1 Conceptual Aspects of the Present Work 

In Chapter 3 the development of super conical con- 
volutes is given# The method can be used for a 3ruled 
surface of general form also «' If the edges and E 2 of 
the surface to be developed are not rulings of the surface 
(refer to Figure 7.1) then the portion of the surface 
between these edges and the nearest ruling (shown shaded 
in the figure) can be developed by triangulation method. 

Or the edge and the portion of the directrix forming 
the two sides of the portion of the surface can be treated 
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as the directrices amd the rulings of the portion of the 
surface obtained. Then the development can be carried' 
out as usual. 

The development of helical convolutes with cylin- 
drical or conical helix of either a circular or an ellip- 
tical base is given in Chapter 4. Super-ellipses with 
^ ^ 2 ^^Gfsr to Figure 3*2) can not be used as base for 
the helix of the convolute. If n < 2, then corresponding 
to 0 =0, ti/ 2, rr and 3ti/2 there is discontinuity in the 
tangent to the super-ellipse and hence in the tangent to 
the helix using the super-ellipse as the base. So there 
will be discontinuity in the surface of the helical con- 
volute, If n >2, then around ©a 0, 71 / 2 , n and 3TX/2 
there are straight line portions in the super-ellipse. 
Hence the, tangent to the helix will coincide at these 
portions. This will result in the surface degenerating 
to a line at these portions. 

In Chapter 5/ it is shown that a thin duct can be 
approximated to a set of super— conical convolutes in 
series. It is shown that the spatial configuration and 
shape and size of these super conical convolutes can be 
expressed as functions of the parameter of the centre- 
line of the duct. Development of the duct is achieved 
by developing these super-conical convolutes individually. 
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This method can be used for developing approximately 
double curved surfaces. Duct is nothing but a double 
curved surface of general form. The constant or variable 
curve and the general curved path along which it moves to 
generate the double curved surface correspond respectively 
to the curve of cross section and the centre line of the 
duct. In the case of double curved surfaces generated by 
a curve revolving about an axis, the axis of revolution 
correspond to the centre line. Here the surface is 
approximated to a number of frusta of cone in series. As 
stated in Chapter 5, depending upon the accuracy desired 
and the complexity of the geometry of the surface (which 
in turn depends upon the nature of the centre line and 
the variation in shape and size of the curved generatrix) , 
the number and locations of the cross section of the sur- 
face can be chosen. 

Uniformly thick surfaces are considered for deve- 
lopment in Chapter 6. A thick surface is considered to 
be a set of thin surfaces lying one over the other. A 
mean surface is defined. It should be developable. This 
is the main criteria for the development of the thick 
surface. Once the mean surface is developable, other 
surfaces in the set are shown to be developable. They 
are defined in terms of the mean surface and the distance 
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between them and the mean surface. These surfaces are 
developed individually and then a co-ordinate transfor- 
mation is anplied to these developments to take into 
account the fact that the origin and axes of the deve- 
lopment are different for different surfaces. This 
completes the development of thick surface. 

The case of two equally thick surfaces in series, 
i.e. meeting along a common end surface, is also dis- 
cussed in Chapter 6* The mean surfaces of these two thick 
surfaces are to be developable. Mathematical expressions 
for defining the points on the common end surface are 
given. Finally suitable algorithm to develope multiple 
thick surfaces in series is given. This method can be 
used to develope a thick surface whose mean surface is 
as a whole not developable, but piecewise developable. 
Then the mean surface can be divided into a number of 
surface patches, each one of which is individually deve- 
lopable. The cx 3 rresponding portions of the thick sur- 
face constitute a set of thick surfaces in series and 
each one of them can be developed individually [ss]. 

7.2 Numerical Aspects of, ^ie-P pes eht J^rk 

Based on the algorithm given in each chapter, 

developed and used. They 


computer programmes have been 

are as follows? 
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(i) a programme for the development of super-conical 
convolute when the space configuration of the 
convolute is given as per definition (A) (refer 
to Sec. 3.3.1), 

(ii) a programme for the development of super— conical 
convolute when the space configuration of the 
convolute is given as per definition (B) (refer 
to Sec, 3.3.2)/ 

(iii) a programme for the development of cylindrical 
helical convolute with circular base, 

(iv) a programme for the development of conical helical 
convolute with circular base, 

(v) a programme for the development of conical helical 
convolute with elliptical base, 

(vi) a programme for the development of thin ducts, 

(vii) a programme for the development of a thick 
suirface, 

(viii) a pirogramme for the development of multiple thick 
surfaces in series and 

(ix) a programme for finding the angular parameter ^ 
of the direction vector of the generatrix of a 
single curved ruled surface with one directrix 
(refer to Sec, 2.3.2), 
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The programme used for the development of conical 
helical convo lutes with elliptical base is the most gene- 
ral of the three programmes developed for the development 
of helical convolutes. ’ If a.^ = b.^ , the base of the 
helix is a circle and if = 0 , the helix is a cylin- 

drical one. 

All these programmes are in FORTRAN. Suitable 
modules have been developed for performing certain com- 
putations like finding the root of the algebraic equa- 
tion that/ in turn, is the condition for developabilit-^ 
the calculation of arc length, the calculation of arc- 
tangent angle etc, and these are used in various pro- 
grammes whenever such computations are required. Suitable 
graphics module using GPGS are used for displaying 
(a) the orthographic views of the surface in third angle 
projection (b) the development of the surface and (c) the 
graph of the magnitude of geodesic curvature versus arc 
length [ 34 ]. These programmes were run on DEC- 1090 
system and the results obtained have been discussed in 
Chapters 2 to 6, 

Wherever necessary, suitable numerical techniques 
are used in these programmes. Bisection method is used 
for finding the root of the algebraic equation of condi- 
tion for developability (in the case of ruled surfaces. 
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class II). Fourth-order Runge-Kutta scheme [35] is used 
for integration of Serret-Prenet equations and also for 
the calculation of the arc-tangent angle. This schme is 
also used for the calculation of the arc length in the 
case of helical convolutes'. In the case of super-conical 
convolutes the arc length is calculated using a NAG rou- 
tine available in the system [36]. This is to cope up 
X'^ith the integrand blowing up at certain values of the 
parameter of the arc (the primary' directrix) . 

In the case of helical convolutes the magnitude 
of geodesic curvature/ the arc length and the arc-tangent 
angle arc all expressed as functions of the parameter of 
the helix. Also the Serret-Prenet equations are expressed 
in terms of this parameter. Because of this fact there 
is no loss of accuracy during interpolation used in the 
fourth order Runge-Kutta scheme for the integration of 
Serret-Prenet equations etc. 

The time taken by the individual programmes depends 
to a larger extent on the time taken by the bisection 
method. This, in turn, depends upon (a) the step length 
used to trap the interval in which the root lies and 
(b) the accuracy with which the root is found out. The 
CPU time taken by the various programmes for the case 
studies presented in the Chapters 3 to 6 are given in 

_ nr 4 npfKiCieyia r^o ‘rr'f^SDOnd tO 8. st©P iGnQ’tll =: 0*001^ 



and to an accuracy = 0,002 used to find the root of the 
condition for developability. 

7.3 Suggestions for Further Work 

In Chapter 6 the development of a uniformly thick 
surface is carried out by treating it to be a set of thin 
surfaces lying one over the other. These thin surfaces 
are developed individually and the developments are 
stacked together to get the development of the thick 
surface. Since the surfaces are thin and are developed 
individually treating than to be independent of one 
another, during this process, no plastic deformation is 
considered to occur during the man\ifacturing processes 
of folding and bending to form the surface out of a plane 
sheet. Thus the development of the thick siorface obtained 
here does not take into account the plastic deformations. 

Suitable modification to take into account the 
plastic deformations is to be applied to the development 
obtained here so that the final development of the curved 
surface is accurate. A thick plane sheet (of the speci- 
fied material) cut to the shape and size of the final 
development should give the required curved thick surface 
when subjected to the specified manufacturing processes. 
This is the final aim of the development of thick sur- 
faces. Suitable mathematical model and algorithms need 
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to bi. devolopod for tho modification of the development 
obtained hero to got the final development. 

In case only one piece of the surface is to be 
fabricated, then an optimum rectangle enclosing the 
development of the surface is to be found out such that 
the wastage of material is minimum. Then the co-ordinates 
of the points on the development are to be given with 
respect to the two adjacent edges of the rectangle. An 
algorithm for this purpose is given by Dhande and Ramulu 
[27], A programme module developed as per this algorithm 
can be called by the main programme once the development 
is achieved. 

In case more than one piece of the surface is to 
be fabricated, then depending upon the size of the sheet 
metal available, the developments are to he nested so 
that wastage of material is minimum. Suitable methods 
to solve this problem and an algorithm need to be worked 
out, A programme module written as per this algorithm 
can then be called for by the main programme to express 
the coordinates of points on the development with respect 
to the two adjacent edges of the rectangular sheet metal 

used. 

•,1 and the final data 

Once these problems are solvea 

obtained, this can be transferred 


of the development is 
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to a numerical controlled machine for automated p3roduc- 
tion. Interactive design packages to take care of all 
these aspects need -to be developed as a part of CAD 
software system. 

Development process finds application in the 
fabrication of dress. Mathematical models are to be 
developed for the fabrication of different types of dress 
like a shirty a trouser, a coat etc. These mathematical 
models should take into account the shape of the human 
body, the relative positions of the parts of the body 
at different postures, the amount of comfort required 
at various postures, the aesthetic view point, the flexi- 
bility of the dress material and the requirements of the 
seams connecting together the various parts of the dress. 
Once the surface of the dress is finalized, it can be 
split into a set of developable surfaces. If this is not 
possible, then the surface of the dress can be approxi- 
mated to a set of developable surfaces, and the inaccu 
racy involved in the approximation can to some extend be 
offset by the flexibility of the dress material. Finally 
when mass production is involved, the nesting problem 
needs to be solved taking into account the direction- 
orientation property of the strength of the. dress 
material. 
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Tabic 7.1 

The CPU Time of Examples Given 

Example No. 

CPU time/ Min : Sec 

3.1 

0 ; 1.20 

3.2 

0 2.75 

3.3 

0 : 7.36 

3.4 

0 ;21.47 

4.1 

0 : 0.33 

4.2 

0 : 0.28 

4.3 

0 : 0.44 

5.1 

■ 0 : 7.53 

5.2 

0 ;90.61 

6.1 

0 :15.43 
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Appendix I 

SIGN/VALUE OF FRACTIONAL POWERS 

In the calculation of various quantities like 
the position vector of a generic point of the directrix# 
the tangent vector# the arc length# the curvature etc. 
and also in the condition for developability of super- 
conical convo lutes# calculation of fractional powers of 
cos # sin # cos ©j and sin are involved* Depend- 
ing upon the value of ©^^ and ©j these terms cos , 

sin ©. # cos © . and sin © . take either positive or nega- 
i j 3 ; . 

tive values. So calculation of fractional powers of 
quantities which are either positive or negative is 
involved* This is done by taking into account the geome- 
trical requirements as detailed below. 


I.l Calculation of Posit ion Vector 

The position vector of a generic point of a 

super-ellipse is given by 


r = 


2/n g 


a cos 

b slnV" 


0 


© 


(I.l) 


1 



From the gemetry of the super-ellipse the sign of cos^^’^ e 
is fixed to be positive when cos © is positive and nega- 
tive when cos © is negative. The value of cos^'^^ © is 
fixed to be 1 v/hen the value of cos © is 1 and the value 
is fixed to be -1 when cos © is -1, Similarly the sign/ 
value of sin" © is fixed according to the sign/value 
of sin © (refer to Figure I.l and Table I.l). 


1,2 Calculation of Tangent and Unit Tangent Vectors 


The tangent vector and the unit tangent vectors 
to the super-ellipse are given by 


r = “ cos 




© 


. (2-2/n)_. 
-a sin ' © 

, (2-2/n)» 

b cos © 


and 


(Factor i) 


. (2-2/n) 
-a sin 

(2-2/n) 


b cos 


© 


© 


0 


( 1 . 2 ) 

(1.3) 


where 


(Factor 1) = [• -a ^ 

1+ b ooa'2-2/n)9l2]l/2 (1.4) 

(Factor 1) is always positive and considering 

the direction of the vector t , the sign/value of the 

. (2-2/n)a and sin^^”^^^^© are fixed. Also the 

terms cos © ana sm 

and sin » are 

sign/value of the teros cos 

.•rdinalv (refer to Figure I.l and Table I.l). 
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1.3 The Second Derivative of Position Vector 


The second derivative of position vector is 


given by 


( 2/n-2 ) 


(2/n-2) 


r = - cos 
— n 


9 


(2-2/n)g| 

(2/n sin^ 9 - l)a sin 


9 sin 1 (2/n cos*^ 9 - l)b cos 

0 

C 2 2 /n } 

The sign/value fixed for the terms sin © and 

(2 -2/n) 


(2-2/n)Q i 

j 

... (1.5) 


cos 


^9 satisfy the geometrical requirement. 


1,4 Other Quantities 

Other quantities lihe curvature# arc length etc, 
and also the condition for developability are functions 
of r / r and r . Hence the above mentioned sign/values 

2/na r^j2-2/n)Q 

fixed for the various terms libe cos © # cos 


COS 


(2/n— l)^ G*tc* satisfy the irccjniiTGnients* 



Table I.l Sign/Value of Fractional Powers 


Quadrant 


1 2 



cos © 

4* 

ve 

- 

ve 

- 

ve 

4 

ve 

1 

0 

-1 

0 

2/n^ 
cos © 

+ 

ve 

- 

ve 

- 

ve 

4 

ve 

1 

0 

-1 

0 

^^^(2-2/n)p- 

cos ' © 

-4 

ve 


ve 


ve 

4 

ve 

1 

0 

-1 

0 

(2/n-l)„ 
cos © 

4 

ve 

4 

ve 

4 

ve 

4 

ve 

1 

. «>(n>2) 
l{n=2) 

1 

eo ( n>2 ) 

l(n=2) 

( 2-4/n)„ 
cos '0 

4 

ve 

4 

ve 

4 

ve 

4 

ve 

1 

0(n>2) 

l{n=2) 

1 

0(n>2) 

l(n=2) 


sin 0 
sin ^'^^'0 


+ ve + ve - ve - ve 0 
^ ve + ve “ ve ~ ve 0 


^*”^'^^^0 + ve + ve - ve - ve 0 

roz-r, i'> w(n>2) 

sin^ '^'^’^“^‘^0 + ve + ve + ve + ve ^(^=2) 

+ ve + ve + l(ni2| 


0 

<»(n>2 ) 
l(n=2) 

0(n>2) 

l(n=2) 


1 


1 
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Appendix II 

INTEGRATION OP SERRET-FRENET EQUATIONS 

The Serret-Prenet equations are given in 
Chapter 2 as Eqns. (2,21) and are reproduced below. 


^2 
d X 

^ 2 
ds 


+ = ’ ii = ° 


^ - k:„(s) ^ * 0 

ds 


g 


dx 

ds 


If the geodesic curvature and the arc length s 

y 

are continuous functions of a parameter © then the 
Serret-Prenet equations can be rewritten in terms of 
the parameter ©. 

Let 


and 

then 


ds 

d© " 

fjCs) 





v-> 

= f2'®> 





dx _ 

1 

dx 




ds “ 

f jC©y 

d© 




^ = 
ds 

d X 

1 





qteT 

1 

d© 

d©^ 

-f^S) 

dxi 

d©-' 

^ 2 " 
ds 

{f^(©)i 

""2 

ds^ 

1 


d© 

f,(e) 

-f75) 

a©-' 



{II. 1) 


(II. 2) 


and 
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v/here 

Substituting Eqns. (II. 1) and (II. 2) into Serret-Frenet 
equations and simplifying^ the Serret-Prenet equations 
reduce to 


d^x 

d©^ 


d©^ 


f^) $ + ^2^®^ S 


fo(©) 

f^) d© “* ^1^®^ ^2^®^ 


dx 

d© 


= 0 


0 


(II. 4) 


Let = X , 

72 = dx/d© , 

73 = y , 

and 7^ = <3y/d©. 

Then from Eqns. (II. 4) and (11*5) 


^ _ 
d© “ 



^ . fjCe) 
d© ” f ^(©) ^2 

dy. 

d^ = n 


- f^(©) f2^®^y4 


(II. 6) 


dy, 


fjte) 


integrating Eqns. (II. 6) values of x and y can be found 
for various values of the parameter ©. 
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The initial cx)nditions are 

X = 0 

dx . 
ds “ 

y = 0 (II. 7) 

and ^ _ n 

ds - ^ • 

In terms of the parameter 9/ the initial conditions are 
X = 0 


dx _ 
d0 “ 




(II. 8) 


y = 0 

and ^ _ 0 

d9 

where 9^ is the initial value of 9. 

Suitable numerical method can be used for 
integration of Eqns. (II.6). m this wcric Fourth oraer 
Runge-Kutta method is used. 



